
Physics of Turbulence

@FuturaSciences

I am an old man now, and when I die and go to 
heaven there are two matters on which I hope for 
enlightenment. One is quantum electrodynamics, 
and the other is the turbulent motion of fluids. And 
about the former I am rather optimistic.
    Sir Horace 
Lamb

Class 2-B: 
Singularities

https://en.wikipedia.org/wiki/Quantum_electrodynamics
https://en.wikipedia.org/wiki/Fluid
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Lieu, date Nom de l'auteur 3

Sous chapter de intermittency (ou de dissipation?)
Parler de dissipative vs non dissipatives singularites)
Parler de leur recherche
-en log lattices(?)
-en experience
Parler de disparition de intermittence avec enlevement des DR



Symmetries

Tme-transla8on

Space transla8on

Space-reversal

Galilean invariance

Scaling
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Some Mathematical aspects of 
Navier-Stokes equations
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Model of singularity: homogeneous solution of NS 
of degree -1

Li, Yan Yan,  (2016)
H. Faller M2 Thesis
H. Faller et al, (2021)

𝑡, 𝑥, 𝑢 ⟶ 𝛾!	𝑡, 𝛾𝑥, 𝛾"#𝑢 (	𝜈 ≠ 0)Recaling Symmetry for h=-1

homogeneous solutions of NS of degree -1𝑢 𝛾!	𝑡, 𝛾𝑥 = 𝛾"#𝑢(𝑡, 𝑥)

Axisymmetric case:  Landau in 1944 and further discussed by Batchelor
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Model of singularity: homogeneous solution of NS of 
degree -1

H. Faller et al submi<ed (2021)

General form

Stationary solutions of NSE with a force at the origin

Pinçon
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𝛾 < 1



Model of singularity: homogeneous solution of NS of 
degree -1

H. Faller et al submitted (2021)

General form

Sta5onary solu5ons of NSE with a force at the origin

Pinçon
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𝛾 < 1
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Blow-up via DNS?

Fourier grid

@J. Polanco

Conclusion:
We cannot follow a blow-up by DNS
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Fluids on log lattices



1mm

N3 modes

1024

FourierFrom regular Fourier projection



1mm

N3 modes

1024

(Log(N))3 modes

6250=173

Campolina&Mailybaev, 2018

FourierTo Fourier log-decimation



Fourier grid

Campolina&Mailybaev, 2018

Log grid

Avoiding aliasing



Campolina&Mailybaev, 2018

Log grid

Warning: log-lattice is not a mere 3D shell model: it is a true projection

Avoiding aliasing



(Log(N))3 modes

6250=173

Campolina&Mailybaev, 2018

The projection on log-lattices is a true projection
provided 

The resulting fluid on log-lattices inherit all 
the symmetry and conservation laws of fluids

Kelvin theorem
Energy and Helicity in 3D
Energy and Enstrophy in 2D

Benefit: No adjustable parameter

To Fourier log-decima4on
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Singularities in fluid on 
log lattices



from DNS to log-la5ces

N3 modes 1024 (Log(N))3 modes 6250=173

Fourier grid Log grid

Campolina&Mailybaev, 2018Max of exisSng DNS



from DNS to log-la5ces

N3 modes 1024 (Log(N))3 modes 6250=173

Fourier grid Log grid

@J. Polanco @A. Harekrishnan



Blow-up in Euler 3D on log-lattice (adaptative grid)
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Formation of a 
Finite-time singularity

Campolina&Mailybaev, 2018

-- l=2
-- l=1.6
-- l=1.3

No viscosity: Energy is conserved



Singularities in 
complex plane
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Computed using the  singularity strip 
method
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Real axis

(tb-t)2.81

Frisch&Morf, 1981

Pikeroen et al, 2023



Case of axisymmetric  Euler

Numerical solution

Kolluru&Pandit, 2024
Same exponent than for 3D log-laZce

bDNS=2.6+-0.5

bLL=2.81
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Pikeroen et al, 2023

No Blow-up in finite Sme
Possible singulariSes when 

-- g=2
-- g=1
-- g=1/2

-n k2g ui 
Influence of viscosity: g>1/3

NB: for milder dissipaSon, finite Sme blow-up!
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Pikeroen et al, 2023

No Blow-up in finite time
Possible singularities when 

-- g=2
-- g=1
-- g=1/2

-n k2g ui 
Influence of viscosity: g>1/3

10
-30

10
-20

10
-10

10
0

10
-6

10
-4

10
-2

10
0

NB: for milder dissipation, finite time blow-up!



A9er the blow-up: convergency to 
another solu?on (dissipa?ve)

We fix the maximal wavenumber 

We introduce a noise at that wavenumber

We look at limit  

Regularization: : impose a boundary in scale space
and add a noise of decreasing intensity

Before blow-ip After blow-up

Costa et al, 2024

Singularity induces dissipation (??)

N

Post Blow-up
DissipaSvePre-Blow-up

Non-dissipaSve

Before blow-up

After blow-up



Mecanisms of singularity?



Reconnection and Blow-up

Kimura&Moffatt JFM (2017), (2020) 

Biot-Savart self-similar evolu7on
Blow-up?



Interaction of vorticity structure:rings

Lim&Nickels, Nature (1992); ,Mc Keown et al Science Advances (2020) 



Interaction of vorticity structures: filaments

Yao & Hussain JFM (2020) 

DNS

Log-Lattice

Harikrishnan et al JFM (2025) 


