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Lagrangian Turbulence: from tracers to
iIntermittency and transport (lll)

Massimo Cencini

Istituto dei Sistemi Complessi CNR Rome, ltaly
INFN “Tor Vergata”, Rome, Italy
massimo.cencini@cnr.it

Y _ Evolution equation
x Xt — ’U (Xt ’ t) tor tracer particles

INITIAL BUNCH SIZE

/\ / ]’ _}

1
o+ (v-V)v=—-Vp+ ﬁAv + F Navier-Stokes
V-v=0 Ed:5
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Outline -topic 3-

* Recall of the Eulerian view of scalar fields
* Lagrangian view of scalar transport: basic ideas

* Interpretation of dissipative anomaly
* intermittency, origin of universality and zero modes

e Some extra (depending on time): active scalars



(Passive) Scalar Turbulence

Shraiman & Siggia, Nature 405, 639 (2000)

velocity is given and not

modified by the transported field

Oic+v-Ve=rAc+ F.

Yaglom relation (similar to 4/5-law)

(5,v(0,¢)%) = —4/3e.r

Phenomenology very similar to NS
e Cascade towards the small scales
e Finite energy dissipation for k — 0

e Intermittency of the small scales



(Passive) Scalar Turbulence
Oic+v-Ve=rAc+ F,

1d de c?(x,t) =< cF,> —k < |Ve|* >=Fy— e, ~ 0
2dt
Dissipative anomaly </<;| VC|2>:€C%<CFC>
lin%) €. 7+ 0
K—

Yaglom Relation
(0,v(0,¢)?) = —Ze.r

3

assume K41 turbulence 5TU N (%T)
1

5 1
by dimensional arguments 5TC ~ EEEy O3




(Passive) Scalar Turbulence

n 1/2 —1/6 n n/3—on
(6,¢)") = By (e e, Vor1/3)m (L)
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Figure 11 The scaling exponent £, for the scalar structure function {{AO(r)]") within the
inertial subrange as a function of n. Squares are from the data of Antonia et al (1984)

(heated jet), crosses are from the data of Ruiz-Chavarvia et al (1996) (heated wake).

triangles are from the data of Meneveau et al (1990) (heated wake), circles are from the

data of Mydlarski & Warhaft (1998a) (grid turbulence), and plus signs are from the full,

three dimensional Navier-Stokes numerical simulations of Chen & Kraichnan (1998). Ver-
tical bars represent uncertainty for the Mydlarski & Warhaft data. The long-dashed line
is the white-noise estimate from Kraichnan (1994). The short-dashed line is for the velocity
field from Anselmet (1984). The solid line is the KOC prediction.

Warhaft, Ann. Rev. Fluid Mech. 32, 203 (2000)
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IN 3D turbulent flows

Scalar increments display
anomalous scaling
and the exponents appear
to be universal
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FIG. 2. Probability density functions of the normalized
temperature increments, for Ry = 650 (file #4 of Tab. t[)
From the inner to the outer pdf, r/n = 10%, 600, 30 and 3.

normalized by &o.
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n

FIG. 3. Temperature structure function exponents, &,,

(O: Ry = 280 in COR mode,

A: Ry = 650 in CTR mode. The dashed line indicates the
Corrsin-Obukhov scaling n/2.

F. Moisy, H. Willaime, J.S. Andersen P. Tabeling

PRL 86, 4827 (2001)



(Passive) Scalar Turbulence

In 2D turbulence in the inverse cascade of velocity: the velocity field is non intermittent and display K41 scaling
yvet the scalar field is intermittent and the exponents are universal

So scalar intermittency is not inherited from velocity intermittency!!!

— n _ n
Sn(r) = ((0r¢)") P(drc) Sn(r) = ((0r¢)")
104 - ‘ T I I I I I I I
2 [ - 100 | random forced 27 ' - ’ '
1 PSR ) / n= - 100 |
10 o5 f - - S 107 - ‘ ' - ot T
; ~ 10 .
1 0 ' _ & 107 i ¢
19 001 01 n=4 ST ) A S . ikl 1N Fo .
= 0 _ i A
U): 10 _. N,-\ T T T T T T T °
4 | ;‘_ 100 - shear ] 05 |
10 n=2 T ..o
107 . shear 10'4 - : oL 1 ‘ ., ) ) ) L
L - Vs 2 4 6 8 10 12 14
0% - : 107 - : i
4 . 10‘8 ' T S ' ' 4 7 ' FIG. 9. Measured scaling exponent Cn
10 3 .2 - ] -15 -10 -5 0 S 10 15 for the Navier-Stokes advection. Error bars are estimated
10 10 10 1 10 2 172 by the rms fluctuations of local scaling exponents.
‘ o, T/<(d,T)™>
FIG. 4. Low-order even structure functions. Local scaling FIG. 3. Pdf’s of scalar increments normalized by their stan-
exponents are shown in the inset. The measured exponents dard deviations for three separations 7 = 2.5x 1072, 5x 1072,

are (2 = 0.66 £ 0.03, {4 = 0.95 £ 0.04 and (s = 1.11 £ 0.04.

10! in the inertial range.

A Celani, A Lanotte, A., Mazzino, M Vergassola, PRL 84, 2385 (2000); & PoF, 13, 1768-1783 (2001)



Lagrangian view of scalar transport

00 +v-VO0=rA0+ F

is equivalent to the SDE
y(s) = v(y(s),s) +vV2rn(s)  (n(t)n(t")) =do(t 1)
o(s) = F(y(s),s)



Lagrangian view of scalar transport

00 +v-VO0=rA0+ F

is equivalent to the SDE

y(s) = v(y(s),s)+ Varn(s)  (n(t)n(t')) =6t — 1)
¢(5) — F(y(s)as)

0 t) = (6)r(t)—e = / ds (F(y(s; 2, 1), )y

o(e.t) = [ s [ dup(w. sl Py,

t

X

P (y,six,t)

Lagrangian propagator

Pu(y, 1
Py (Y, S

x,t) = 6(x — y)
x,t) = (0(y — y(s;x,1)),



Lagrangian view of scalar transport

00 +v-VO0=rA0+ F

is equivalent to the SDE

y(s) = v(y(s),s) +V2n(s)  (nt)n(t')) =

¢(S) — F(y(s)as)

O(x,t) = (D) p|yt)=2x = / ds(F(y(s;z,t),s))

0(x,t) / ds/dypv (Y, s|z,t)F(y,s

X

P (y,six,t)

Lagrangian propagator

Pu(y, 1
Py (Y, S

z,t) = o(x —y)
z,t) = (0(y —y(s;@,t)),

) W 00+v-VO=kAO+F

0+ P(y, s|le,t) + Vi -[v(x,t)P(y, s|le,t)] = kArP(y,s|x,t)

Note that In passive scalars the propagator and the forcing are independent



Backward & Forward propagator

Backward propagator

b Xt
_asp(yas‘m7t)_v(y7 S)°Vyp(y75‘m7t) — IiAyP(y,S‘iB,t)

P(y,s = t|ax,t)

o(x — y)

X[

Ot P(y, s|x,t) + Vi -|v(z, 1) Py, s|lx, t)] = ~dzP(y, sz, t)

Forwad propagator



Explosive separation = dissipative anomaly

Non-uniqueness of paths —> dissipative anomaly

Since the scalar forcing and the Lagrangian paths are uncorrelated the existence
of many paths implies the blurring of the initial scalar field as times goes on

non-smooth flows

Lagrangian paths are unique and for dissipation to take place a non zero
molecular diffusivity is needed

smooth flows



Explosive separation = dissipative anomaly

Eulerian Lagrangian

d w
fi(:) = v(p(s), 5) + V2kw(s),  p(t) =x dd)ds(s) = fe(p(s), 5)

d,c+v-Vec=kAc+ |,

(fe(x1, ) fe(x2, 1)) = 8(t — ) F(|x1 — x2|/£ )

c(x, 1) = (9" (D) = </ ds fc(p(s), S)>
0

w

t t f 2
</ / ds;dsy fo(p(s1; x, 1)) fo(p(s2; X, t))> = < (/ dsf.(p(s; x, t))> >
0 0 0

due to delta correlation we may think (c*(x, 1)) « t

(c*(x, 1))



Explosive separation = dissipative anomaly

Eulerian Lagrangian

d w
ﬁis) = v(p(s), 5) + V2kw(s),  p(t) =x dd)ds(s) = fe(p(s), 5)

d,c+v-Vec=kAc+ |,

(fe(x1, ) fe(x2, 1)) = 8(t — ) F(|x1 — x2|/£ )

c(x, 1) = (9" (D) = </ ds fc(p(s), S)>
0

w

t t f 2
</ / ds;dsy fo(p(s1; x, 1)) fo(p(s2; X, t))> = < (/ dsf.(p(s; x, t))> >
0 0 0

due to delta correlation we may think (c*(x, 1)) « t

(c*(x, 1))

But let us rewrite it as

(c*(x, 1)) =f ds /f(Pz(yl,yz,s\x, X, ) F(y, — »|/€r)dy, dy,.
0



Explosive separation = dissipative anomaly

(c*(x, 1)) =f ds /f(Pz(yl,yz,s\x, X, ) F |y, — Wml/€r)dy, dy,.
0

Ti12 — & F(R)

R Y

The time integral is cut off at | — 5| > 72

WhICh Is the time for two coinciding paths
to separate (backward in time) to a distance of order z,”f

non uniqueness — dissipative anomaly



dissipative anomaly (refined argument)

dp(?) .
— = v(p(1), 1) + V2kW,
;0+v- VO =kAO+ fo &

dd(r)

a fo(p(2),1).



dissipative anomaly (refined argument)

dp@) _ v(p(D), 1) + V2K, But now we do not condition on the

0,60 +0v- VO =kA® + f@ ds final position, let us consider all paths
4o (1) and averaging over those landing in x,t we have

— = fo(p(®, D), O, 1) = (V())w



dissipative anomaly (refined argument)

dp@) _ v(p(f), ) + v 2KW, But now we do not condition on the

0,60 +0v- VO =kA® + f@ ds final position, let us consider all paths
and averaging over those landing in x,t we have

0~ fototo.
Y~ (o). D).
& Ox, 1) = (V(1))w
Be P(x, U, t|xg, Uy, 0) the prob to start in x, with 9, = ©(x,,0) and to land in x at time t carrying a scalar value 9

o

atP + v - VxP + f@vﬁp — kAP P(x, z?,t"|x0,ﬁ0,0) = 0(x — X0)o(V — Uy)
?9():@(.76, O)



dissipative anomaly (refined argument)

dp@) _ v(p(f), ) + v 2KW, But now we do not condition on the

0,60 +0v- VO =kA® + f@ ds final position, let us consider all paths
and averaging over those landing in x,t we have

0~ fototo.
S (o). D).
) Ox, 1) = (V(1))w
Be P(x, U, t|xg, Uy, 0) the prob to start in x, with 9, = ©(x,,0) and to land in x at time t carrying a scalar value 9
| | | o
I
19() — @(x, O)

We average over the initial conditions

P(x, v, 1) =f P(x, v, t|xo, ©(x0, 0), 0) dxo



dissipative anomaly (refined argument)

dp@) _ v(p(f), ) + v 2KW, But now we do not condition on the

0,60 +0v- VO =kA® + f@ ds final position, let us consider all paths
and averaging over those landing in x,t we have

0~ fototo.
Y~ (o). D).
& Ox, 1) = (V(1))w
Be P(x, U, t|xg, Ug, 0) the prob to start in x, with 9, = ©(x,,0) and to land in x at time t carrying a scalar value 9

o

[
?9() — @(x, O)
We average over the initial conditions

P(x, 0,1 =/ P(x, 9, t|x9, ©(x9,0), 0) dx, 0(1) = fot fo(p(s),s)ds od(x,0) = [9*Pdy — ([ 9P dv)



dissipative anomaly (refined argument)

dp@) _ v(p(f), ) + v 2KW, But now we do not condition on the

0,60 +0v- VO =kA® + f@ ds final position, let us consider all paths
4o (1) and averaging over those landing in x,t we have

— = fo(p(®, D), O, 1) = (V())w

Be P(x, U, t|xg, Ug, 0) the prob to start in x, with 9, = ©(x,,0) and to land in x at time t carrying a scalar value 9
| | | o

[
?9() — @(x, O)
We average over the initial conditions

P(x, 0,1 =/ P(x, 9, t|x9, ©(x9,0), 0) dx, 0(1) = fot fo(p(s),s)ds od(x,0) = [9*Pdy — ([ 9P dv)

0,06 (x, 1) +v -V, 05(x, 1) = kAo (x, 1) + 2€0(x, 1)



dissipative anomaly (refined argument)

dp@) _ v(p(f), ) + v 2KW, But now we do not condition on the

0,60 +0v- VO =kA® + f@ ds final position, let us consider all paths
and averaging over those landing in x,t we have

o

0~ fototo.
Y~ (o). D).
& Ox, 1) = (V(1))w
Be P(x, U, t|xg, Ug, 0) the prob to start in x, with 9, = ©(x,,0) and to land in x at time t carrying a scalar value 9

[
?9() — @(x, O)
We average over the initial conditions

P(x, 0,1 =/ P(x, 9, t|x9, ©(x9,0), 0) dx, 0(1) = fot fo(p(s),s)ds od(x,0) = [9*Pdy — ([ 9P dv)

0,06(x, 1) +v-V,o5(x,1) = kAocj(x, 1) + 2€0(x, 1) co(x,1) = Kk|Vy [OP(x, 9, 1) dD|?



dissipative anomaly (refined argument)

dp@) _ v(p(f), ) + v 2KW, But now we do not condition on the

0,60 +0v- VO =kA® + f@ d final position, let us consider all paths
and averaging over those landing in x,t we have

0~ fototo.
Y~ (o). D).
& Ox, 1) = (V(1))w
Be P(x, U, t|xg, Ug, 0) the prob to start in x, with 9, = ©(x,,0) and to land in x at time t carrying a scalar value 9

o

[
?9() — @(x, O)
We average over the initial conditions

P(x,9,1t) =/ P(x, 9, t|xo, ©(xo, 0), 0) dxo 0 (1) = fot fo(p(s),s)ds og(x,0) = [0*Pdd — (/9P dY)’
0,06(x, 1) +v-V,05(x,1) = kAog(x, 1) + 2€0(x, 1) co(x,1) = Kk|Vy [OP(x, 9, 1) dD|?

d
E/oré(x, t)dx:2/e@(x, H)dx = 2¢g

A Celani, M. C., A Mazzino, and M Vergassola. New Journal of Physics 6, (2004): 72.
see also T. D. Drivas & G L. Eyink. JFM 829, 153 (2017) & JFM 829, 236 (2017) & JFM 836, 560 (2018)



dissipative anomaly (refined argument)

a(x,t)/<a’>""? g c(x,t)/<c”>""?

0.7 . . . . —g
2D MHD + a passive scalar two values of k o
0.6 i
k=0.003(me@) o°
hv+v-Vv=—-Vp+vAv— AaVa . 051 «=0.001(00) .
da+v-Va=«kAa+ |, > C.
X
d,c+v-Vc=kAc+ f, N
o
the magnetic potential a
IS an inverse cascading active scalar
l A Celani, M. C., A Mazzino, and M Vergassola.

S New Journal of Physics 6, (2004): 72.
absence of dissipative anomaly




Lagrangian origin of Eulerian intermittency
In passive scalars

Outline of the main steps

4 First we show that moments of scalar increments are connected to N-
point correlation functions

4 Then we focus on the N=2 correlation function

4 Then we consider the Kraichnan model and sketch how to derive an
equation for the N-point correlation function

4 Then we show that this equation leads us to the zero modes we saw
for multiparticle dispersion

4 Finally we show that they are responsible for anomalous scaling and
universality



Multipoint correlation functions

Cn(x1, o, ..., ry) = (0(x1,t)0(x2,t)...0(xN, 1))y F



Multipoint correlation functions

The goal is to understand the scaling of SF, __
which are connected to correlation functions: CN(wl’ 2, ’wN) - <9(w1, t)@(m2, t) e H(wN, t)>v,F

N

Sn(r) = (0(z+r, ) —0(z, 1))V )y p = <( A 1 886’(:13—|—3’r)ds> Vo b = /n 1dsl... /ﬂ 1dsN681...85NCN(33—|—31r ..... r4syT)



Multipoint correlation functions

The goal is to understand the scaling of SF, _
which are connected to correlation functions: CN(wl’ 2, ’wN) o <9(w1, t>9(w27 t) e 9(331\77 t)>v,F

N

Sn(r) = (0(z+r, ) —0(z, 1))V )y p = <( A 1 889(az+3r)d3> Vo b = / 1dsl... /ﬂ 1dsN851 D5 On(Ttsir, ... 2 tsyT)

0

In the following we assume Gaussian, uncorrelated forcing, acting at large scales

(F(z, ) F(y,t')r = 0(t —1")2(|lz — yl)



Multipoint correlation functions

The goal is to understand the scaling of SF, _
which are connected to correlation functions: CN(wl’ 2, ’wN) o <9(m1, t)@(wZ, t) e 9(331\77 t)>v,F

N

Sn(r) = (0(z+r, ) —0(z, 1))V )y p = <( A 1 889(az+3r)ds> Vo b = /n 1dsl... /ﬂ 1dsN851 D5 On(Ttsir, ... 2 tsyT)

In the following we assume Gaussian, uncorrelated forcing, acting at large scales

(F(z, ) F(y,t')r = 0(t —1")2(|lz — yl)

t
We start with the 2-points Correlation function anduse §(x,t) = / ds / dyp,(y, s|x,t)F(y, s)



Multipoint correlation functions

The goal is to understand the scaling of SF, _
which are connected to correlation functions: CN(ml’ 2, ’wN) o <9(m1, t)@(a:Q, t) e 9(331\77 t)>v,F

N

Sn(r) = (0(z+r, ) —0(z, 1))V )y p = <( A 1 889(az+3r)ds> Vo b = /n 1dsl... /ﬂ 1dsN851 D5 On(Ttsir, ... 2 tsyT)

In the following we assume Gaussian, uncorrelated forcing, acting at large scales

(F(z, ) F(y,t')r = 0(t —1")2(|lz — yl)

t
We start with the 2-points Correlation function anduse §(x,t) = / ds / dyp,(y, s|x,t)F(y, s)

Co(@1, To:t) = (Blar,t)8(@a. 1)) po = / ds, / ds» / A1 (po (Y1, 5112, )po (U2 5[4, ))o (F (g1, 1) F (g, 52))



Multipoint correlation functions

The goal is to understand the scaling of SF, _
which are connected to correlation functions: CN(ml’ 2, ’mN) o <9(m1, t)@(a:Q, t) e H(mN, t)>v,F

N

Sn(r) = (0(z+r, ) —0(z, 1))V )y p = <( A 1 889(:13+3r)d3> Vo b = /n 1d31... /ﬂ 1dsN851 D5 On(Ttsir, ... 2 tsyT)

In the following we assume Gaussian, uncorrelated forcing, acting at large scales

(F(x, t)F(y,1'))r =6(t — t")®(|lz — yl)
t
We start with the 2-points Correlation function anduse 0 (x,t) = / ds / dyp, (y, slx,t)F(y, s)
t t
Co(x1,x2;t) = (O(x1,1)0(22, 1)) F 0 :/d31/ds?/dyldy2<pv(y1731|$7t)pv(y27SQ‘yat)>v<F(y17Sl)F(y2782)>

NB we could separate the averages on velocity and forcing
because we are considering passive scalars



Multipoint correlation functions

The goal is to understand the scaling of SF, _
which are connected to correlation functions: CN(ml’ 2, ’mN) o <9(m1, t)@(a:Q, t) e H(mN, t)>v,F

N

Sn(r) = (0(z+r, ) —0(z, 1))V )y p = <( A 1 889(:13+3r)d3> Vo b = /n 1d31... /ﬂ 1dsN851 D5 On(Ttsir, ... 2 tsyT)

In the following we assume Gaussian, uncorrelated forcing, acting at large scales

(F(x, t)F(y,1'))r =6(t — t")®(|lz — yl)
t
We start with the 2-points Correlation function anduse 0 (x,t) = / ds / dyp, (y, slx,t)F(y, s)
t t
Co(x1,x2;t) = (O(x1,1)0(22, 1)) F 0 :/d31/d82/dyldw(}?v(yl,81|$,t)pv(y2,Sz\y,t»v(F(ylaSl)F(y2aS2)>

(4 4

= /dsl/d52/dyldy2<pv(y17Sl‘wlat)pv(y%32‘w27t)>vq)(|yl — Y2|)0(s1 — s2)
(4

- /ds/dyldy2<pv(y1,s\wl,t)pv(yg,s\wz,t)>v<1>(\y1 — Y2|)

t
— /ds /dyldngg(ylayz;8\$1,€U2;t)@(|yl — Y2|)



Multipoint correlation functions

The goal is to understand the scaling of SF, _
which are connected to correlation functions: CN(wl’ 2, ’wN) o <9(m1, t)@(wZ, t) e 9(331\77 t)>v,F

N

Sn(r) = (0(z+r, ) —0(z, 1))V )y p = <( A 1 889(az+3r)ds> Vo b = /n 1dsl... /ﬂ 1dsN851 D5 On(Ttsir, ... 2 tsyT)

In the following we assume Gaussian, uncorrelated forcing, acting at large scales

(F(x, t)F(y,1'))r =6(t — t")®(|lz — yl)
t
We start with the 2-points Correlation function anduse §(x,t) = / ds / dyp, (y, slx,t)F(y, s)
t t
Co(x1,x2;t) = (O(x1,1)0(22, 1)) F 0 :/d31/d82/dyldw(pv(yl,81|$,t)pv(y2,Sz\y,t)>v<F(y1781)F(y2aS2)>

4 {
= /dsl/d52/dyldy2<pv(y17Sl‘wlat)pv(y%32‘w27t)>vq)(|y1 — Y2|)0(s1 — s2)

t
= /ds/dyldy

t
— /ds /dyldygpz(ylayZSS‘mlaw%t)@(kql — Y2|)

(Do (Y1, 8|21, )P0 (Y2, 5|2, )b P(JYy1 — y2|)



Multipoint correlation functions

[— c(x,t) = /joods/.dy p(y, s|x, t) Fe(y, s) —I

X
(Fe(yl)Fe(y2)) = ®(R)0(s1 — s2)

C(r) = {c(x1)e(x2))y r = [[* _ds1dso / / dyi1dyz (p(y1|z1)p(y2|x2)), (Fe(yl)Fe(y2))F
D
Py(R,s|r,t) ®(R)6(s1—s2)

t
. — ] ow = [ ds [aRP(RsIr0) @(R) ~ @) T(r, Ly)
\ — OO
: \ S(r) = 2AC(0) = C(r)) ~ ®(0) [T(0,Ly) = T(r, Ly)]
"'\ T(r,Ls) = time spentby a pair to go from distance r to L
‘. 0 ] L

R(t) ~t3/?2 = T(0,L;) — T (r,L;) ~ r2/3

RICHARDSON DISPERSION . .
We find again S(r) ~ r2/3

dR/dt = érv~ R'/3
R(t) ~ (R(0)2/3 41)3/2 — ¢3/2

|_ Velocity roughness — non-uniqueness of Lagrangian paths _I



2-points correlation function

(Kraichnan)
Ot Po(y1,Y2; s|T1, 23 t) = MaPa(y1,y2; 8|1, 23 1) (14)
with Pa(y1, y2;t|@1, ®25t) = d(y1 — x1)0(y2 — x2) and My acting on @1, 2. M a given operator

Yt
5’t02($1,332;t) — 6‘t/ds/dyldszz(yl,yz;S|w1,w2;t)<1>(|y1 —yQD

*Remember that 9 [* f(s,t)ds = [* 0:f(s,t)ds + f(t,1).
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Ot Po(y1,Y2; s|T1, 23 t) = MaPa(y1,y2; 8|1, 23 1) (14)
with Pa(y1, y2;t|@1, ®25t) = d(y1 — x1)0(y2 — x2) and My acting on @1, 2. M a given operator

atCQ(wla L2, t)

Yt
at/dS/dyldy2p2(y17y2§3|33173323t)q)(|y1 _yQD
¢
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*Remember that 9 [* f(s,t)ds = [* 0:f(s,t)ds + f(t,1).



2-points correlation function

(Kraichnan)
Ot Po(y1,Y2; s|T1, 23 t) = MaPa(y1,y2; 8|1, 23 1) (14)
with Pa(y1, y2;t|@1, ®25t) = d(y1 — x1)0(y2 — x2) and My acting on @1, 2. M a given operator

Yt
0.Cy (1, T25t) = 5‘t/ds/dy1dszz(y1,yz;S|w1,w2;t)<1>(|y1 — Ys|)
¢
= /dS/dy1dy23tp2(y1,y2;8\331,332;?5)(1)(@1 —y2|)+/dyldszz(y1,yz;t|w1,wz;t)q)(\w — Ys|)

4
_ /ds/dyldyz,/\/lng(yl,yg;S\m1,$2;t)@(|yl —y2|) + ®(|z1 — x2])

2
MZ/dS/dyldUZPZ(ylay%5|a317372§t)(1)(|y1 —y2|) + P(|T1 — T2|)

*Remember that 9 [* f(s,t)ds = [* 0:f(s,t)ds + f(t,1).



2-points correlation function

(Kraichnan)
Ot Po(y1,Y2; s|T1, 23 t) = MaPa(y1,y2; 8|1, 23 1) (14)
with Pa(y1, y2;t|@1, ®25t) = d(y1 — x1)0(y2 — x2) and My acting on @1, 2. M a given operator

Yt
0.Cy (1, T25t) = 5‘t/ds/dy1dszz(y1,yz;S|w1,w2;t)<1>(|y1 — Ys|)
¢
= /ds/dy1dy28tP2(y1,y2;S\whwz;t)@(hﬂ —y2|)+/dyldszz(y1,yz;t|w1,wz;t)q)(\w — Ys|)

4
_ /ds/dyldszQPQ(yl,yz;s\ml,mz;t)®(|y1 —y2|) + ®(|z1 — x2])

¢
Mz/ds/dy1dy2P2(y1>y2;S|$1,$2;t)<1’(|y1 —yal|) + ®(|x1 — x2))
MQCQ(QBl,ZBQ;t) —+ CID(\wl — wg‘)

*Remember that 9 [* f(s,t)ds = [* 0:f(s,t)ds + f(t,1).



Multipoint correlation functions

K. Gawedzki “Soluble models of turbulent advection” arXiv preprint nlin/02070358 (2002).

A simpler derivation

Assume to know Cy(x1, ®2; s) what is its value at time ¢7

¢
02(m17m2;t) :/dyldyzpz(ylayz;S\$1,$2;t)02(y17y2;S)+/ dT/dyldy2P2(y1,y2;8\33‘17«’132;75)(13(@1 —y2\)



Multipoint correlation functions

K. Gawedzki “Soluble models of turbulent advection™” arXiv preprint nlin/0207058 (2002).

A simpler derivation

Assume to know Cy(x1, ®2; s) what is its value at time ¢7

¢
Cz(mhfl?‘z;t) :/dy1dy2p2(y17y2;S\$1,$2;t)02(y1,y2;S)+/ dT/dyldyzpz(ylay%5\33‘17«’152;75)(1)(@1 —y2\)

] , _
0:Co(x1, xa;t) = Mo /dyldszz(y1,yz;S|w1,wz;t)02(y1,y2;8)+/ dT/dy1dy2P2(y1,y2;8\$1>€B2;t)¢(|y1—y2\)

+ ®(|lx; — x2|) = MoCo(x1, ;1) + P(|X1 — X2|)
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Multipoint correlation functions

K. Gawedzki “Soluble models of turbulent advection™” arXiv preprint nlin/0207058 (2002).

A simpler derivation

Assume to know Cy(x1, ®2; s) what is its value at time ¢7?

¢
Cz(wha?‘z;t) :/dy1dy2P2(y17y2;S\$1,$2;t)02(y1,y2;S)+/ dT/dyldyQPQ(ylay2§S‘wlva;t)qD(‘yl —y2\)

Now let’s do a step forward: consider Cny(x;t) = (0(x1,t)...0(xN,t))v.F With = (1,...,2N).
Generalizing the result for Cy we can write:

Cn(z;t) = /ngN(g;S@; t)Cn(y; s) +/ dT/ngN(g;S@; t)(Cn—2 @ ®)(y,T)

where

(Cn—2 ®@®)(@1,..., 2N, 7T) = ¥ Cn_o(®1,...[0]...[0]...,oN)P(|@n — Tpy)

n<m



Multipoint correlation functions

K. Gawedzki “Soluble models of turbulent advection™” arXiv preprint nlin/0207058 (2002).

A simpler derivation

Assume to know Cy(x1, ®2; s) what is its value at time ¢7?

¢
02(%,513‘2;?5) :/dy1dy2P2(y17y2;S\$1,$2;t)02(y1,y2;5)+/ dT/dyldyQPQ(ylayQ;S‘mlva;t)qD(‘yl —y2\)

Now let’s do a step forward: consider Cn(x;t) = (0(x1,t)...0(xN,t))v F With £ = (®1,...,ZN).
Generalizing the result for Cy we can write:

Cn(z;t) = /ngN(g;S\g; t)Cn(y; s) +/ dT/ngN(g;S@; t)(Cn—2 @ ®)(y,T)

where

(Cn—2 ®@®)(@1,..., 2N, 7T) = ¥ Cn_o(®1,...[0]...[0]...,oN)P(|@n — Tpy)

n<m

As for N = 2 doing the time derivative one obtains

0:Cn = MNCn + (Cny_2 ® D)



Kraichnan model
Py = Pn(r;s|R;t) * PN = My Py
Cn(Bst) o) 00y =MyOy+Cx2 0

As we said this require special properties of the velocity field: Gaussianity and time-uncorrelation

(Vo (2, t)vg( +7,t")y = 0(t —t' ) Dy.g(x — y) incompressibility— 0, Dy 5 = 0

TaT
(in the inertial range) n < r < L, da,ﬁ(r) — l)lrg ((d — 1+ 5)5045 R 5 TQB)

N N 2
MN = — Z daﬁ(’r’n — rm)af,ama@rm,ﬁ —+ K Z Arn+DO5aﬁ o
n<<m n=1 n=1

not apply to space
invariant functions



Dimensional analysis

0hCn = MnCn +Cn_o R D

at stationarity

—MnCny =Cn_o®RP
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Dimensional analysis

0hCn = MnCn +Cn_o R D

at stationarity

—MnCny =Cn_o®RP

Dimensional analysis
[./\/l N] — [57°

time T ~ [My]™! ~ L?7¢ indeed £ = 0 T' ~ L? as we recover normal diffusion

For smallr

M3Cy ~ ®(0) = [Co] = [Mo] ' = L* ¢ ~ C(r) ~ 1?78

M4Cy ~ D(0)Cy = [C4] = [My]1[Cy] = L2278

MnyCn ~ P(0)Cn_o = [Cn] = [Mn] Cn_2] = 7N (@2=8)

COn ~ LN =N(2=¢)

Where does it come the anomalous scaling?



Dominance of Zero Modes

—MnCn =Cn_o XD

The most general solution is given by

MnZn =0




Dominance of Zero Modes
—MnCn =Cn_o XD m

The most general solution is given by

MnyZn =0 Gawdezk

Cny = M Cn_a®® + Zy :
—— | ——  S——

i & Kupianen f 50 Per’Furbatlon around Brownian
g motion

N N(N—=2) ,
Ino=5 (2= 8= 557 £HOE),

Chertkov, Falkovich &

dim a
Lo>N LCN Lebedev d — 00
N N(N-2) (1
(R < CH™=N(2-¢) (ng=5 (2= 6~ —5 40|

L e te

Shraiman & Siggia S v 9 :?riﬁurbatlon around Batchelor
also found anomalous
exponents for zero modes
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Dominance of Zero Modes
| 1995

% % if Gawdezki & Kupianen € 0 Per’Furbation around Brownian
% * Esapr - i motion
% _N , N(N—-2) &
/ ? \ P
/ Chertkov, Falkovich &
Lebedev d — 00

jf\ N , N(N-2) 5 1

§ Z:N,O_j( g) 2d g ! ?
— - . % . .. Perturbation around Batchelor

05 3 15 B Shra_la & Siggia & — 2 it

-

Frisch, Mazzino, Vergassola 1998

also found anomalous
exponents for zero modes




Physical (Lagrangian) interpretation of zero modes

Kraichnan model Laagrangian trajectories are reversible
/ . / i ] 9 g ]
(Va(x, )vg(x + 7,1 ))y =0(t —t") Dy g(x — y) Time reversible '

For any test function f(x) of N points we can define the Lagrangian averages Backward and Forward

probabilities coincide
(f)(tizg) = /ngN(z,t@o,O)f@)

If f is a scaling function f()\g) — )\Uf(g) we expect <f> <t3§0) ~ ta/(z_f)

e.g. Relative dispersion f(z1,22) = ||z1 — z2|]> = R? (R%) ~ ¢2/(278)

How does behave the Lagrangian average of zero modes (which are scaling functions of N-points)

()t 20) = / dz Py (2, t)azo, 0) Zn ()

d

£<ZN>(?53§0) — /dzatPN(g,ﬂ&O’O)ZN(&) — <MNZN>(?5|O,@) — 0

Zero modes are statistically conserved by the Lagrangian flow
e.g. (R, — R3y) = (Ris) — (R3y) = (R15(0) + 2Dt) — (R3,(0) + 2Dt) = const
-0 Ay— Ay Zy — harmonic polynomials



For non-Kraichnan flows?

L T
b i '

Celani & Vergassola 2001

-

passive scalar with a gradient
O(x,t) =0(x,t) +g -«

Of(r,t) +v(r,t) - VO(r,t) = kAb(r,t) —g- v
velocity NS-2D in inverse cascade

with Gaussian forcing C; = 0
with the gradient C; # ()

SIN"" (r) ~ SIN(r)

auss rad
S§N+1(T) =0 53N+1(T) # 0

by dimensional arguments

rad rad
SgN+1(T) ~ (g T)SSN




For non-Kraichnan flows?

Celani & Vergassola 2001
*3:-*:--- 10°

10°

passive scalar with a gradient SR
O(x,t) =0(x,t) +g -«

Of(r,t) +v(r,t) - VO(r,t) = kAb(r,t) —g- v

velocity NS-2D in inverse cascade

with Gaussian forcing C; = 0

10°

with the gradient C; # () 02
gauss grad 1

Son (1) ~ Sy (1) 10

. = 10°

gauss L gra =
Son+1(r) =0 Sonpq(r) #0 ? o
—>

by dimensional arguments 102

grad grad ]
SzN+1<T) ~ (g 7)S5 10° 1

scaling is anomalous

2 = 0.66 = 0.03, (4 = 0.95 = 0.04
(6 = 1.11 £0.04

dim: 2n/3

scaling is anomalous

| ¢o = 1254004, ¢5 = 1.38 & 0.07

dim: 5/3 7/3
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passive scalar with a gradient
O(x,t) =0(x,t) +g -«

Of(r,t) +v(r,t) - VO(r,t) = kAb(r,t) —g- v
velocity NS-2D in inverse cascade

with Gaussian forcing C; = 0
with the gradient C; # ()

SIN"" (r) ~ SIN(r)

auss rad
S§N+1(T) =0 53N+1(T) # 0

by dimensional arguments

rad rad
SgN+1(T) ~ (g T)SSN

DOES IT HOLD THE ZERO MODES PICTURE HERE?

10

For non-Kraichnan flows?

scaling is anomalous

2 = 0.66 = 0.03, (4 = 0.95 = 0.04
(6 = 1.11 £0.04

dim: 2n/3

scaling is anomalous

| ¢o = 1254004, ¢5 = 1.38 & 0.07

dim: 5/3 7/3



3-points correlation function

03(7“1, ra, 7“3)

size R’ = (r122 + r223 + r%l)/?)
| 2p1-p2 | - p1 X p2l
5 s ow= 2
i (p1 — p3) | R
@ orientation of the triangle
pP1 = ("1L— 1’2)/\5
p> = (r + r, — 2r3)/\/6

shape Y = 1/2tan"

Cs(r) = R f(y,w)cose + ...



3-points correlation function

C3(r1,7T2,73) " / |
107 )
size R? = (r122 + r223 + r'321)/3 S’ 102 o _
2P1 - X
shape Y = 1/2tan 1_(p?1— zg)_; w=2‘p1Rp2‘ 103 |
¢ orientation of the triangle 10 . . .
pP1 = (i’ll— r2)/2 10-2 10-1 1

pr = (ri + ry — 2r;3)/V/6

Cs(r) = R f(y,w)cose + ...

1.25 = (3 < (5™ =5/3

Cs(r) = Zs(r) + subdominant “?




YES: 3-points correlation is statistically preserved

Lagrangian average of the 3-points correlation function 1 O PN ' T
' + <C3>L '
L A <RC3>L P
SItizg) = / dz Py (z, |z, 0) f(z) | 43582 T e
O. 1 3 , -
2 2 2

f:Rzz(l”lz + '3 + 1"31)/3 .............................. T oK )

The size growth is compensated W X
by the shape evolution 0.001 I X )
f:CS(E) ....................................................................... ’+ + o+ ++++_|_|+|-|—|—|—H-|-I-I-I+FHHH1+H++H+HHHHHHNMNH|HHMMI- |
0.0001 )

1]



A side observation: saturation of intermittency

Sn(r) = ((0r¢)")

t
) .
, /
/
/ 3
15 P ,
®
®
o
o 17 o 8
The cliffs observed in scalar fields are strikingly sugges- b
. . . . e L/
¢ tive of quasi-discontinuities. When smaller and smaller -— SO - y
05 | e ey : .. .
molecular diffusivities are considered, the minimal width
of the fronts shrinks with the dissipation scale, with their
T maximum amplitude remaining comparable to the scalar
. rms value. Simple phenomenology suggests that the pres-
FIG. 9. Measured scaling exponent Cn ence of such structures, corresponding to a local Holder
for the Navier-Stokes advection. Error bars are estimated exponent equal to Zero, mlght induce a Vanishing Slope n

by the rms fluctuations of local scaling exponents. the structure function scaling exponent curve. The fronts

being the strongest possible events, this behavior should
take place for large enough orders, whence the possible
saturation (, — const for high n’s.

A. Celani, A Lanotte, A Mazzino, M Vergassola - ~ -
PRL 84, 2385 (2000) Pof 13 1768 (2001) (b) ~

Figure 5 (a) A time series of temperature in a heated jet showing the ramp-cliff structure,
from Sreenivasan et. al (1979). (b) Temperature spatial variation from numerical simula-
tions of Holzer & Siggia (1994) with a mean temperature gradient. The full scalar is the
top trace. The other traces are of the fluctuating component only.

| Warhaft, Ann. Rev. Fluid Mech. 32, 203 (2000)
Celani & Vergassola, Phys. Rev. Lett. 86, 424 (2001)



Saturation of intermittencv: | anrannian arinin

I 1]
O =,
"ao, .,
...
L

4

"

| b plateau

x(y,slz.x+rt)=0y—x—7r)—(y—=x)

x(y,slz, x+7r,t)=Py,s|lz+r,t)— Py
Oz +m7,t)—0(x,t) = /ds /dy Xy, sz, z+7,t) p(y,s) backward in time
0

X’(y, élm, T+, i) = ;5‘(y — T — 14) — ‘5'(y — i) A. Celani, MC, A. Noullez Physica D 195, 283 (2004)



Remarks

At least in Kraichnan flows (and some evidence in realistic flows) we can say that the mechanism for
anomalous scaling in passive scalar turbulence is the dominance of zero modes

Zero modes admit an interesting (and testable) physical interpretation: they are functions

statistically preserved over the Lagrangian paths. This conservation comes from a compensation
of the growth in scale by the geometry (shape)
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At least in Kraichnan flows (and some evidence in realistic flows) we can say that the mechanism for
anomalous scaling in passive scalar turbulence is the dominance of zero modes

Zero modes admit an interesting (and testable) physical interpretation: they are functions
statistically preserved over the Lagrangian paths. This conservation comes from a compensation

of the growth in scale by the geometry (shape)

limit of vanishing diffusion. The anomalies associated with
statistically conserved quantities are qualitatively differ-
ent from those produced by dynamically conserved quan-
tities. For example, dissipation is a singular perturbation
that breaks the conservation of dynamical integrals of mo-
tion and imposes a flux-constancy condition that is simi-

lar to quantum anomalies.* The flux constancy, in turn, 1s
related to cascades of conserved quantities in the inertial
range. Zero modes, in contrast, have no associated cas-
cades, nor is their conservation broken by dissipation.
Anomalous scaling of zero modes is due to correlations be-
tween different fluid trajectories. As different as they are,
though, the two types of anomalies are intimately related:
Flux constancy imposes certain scaling properties on the
velocity field that generally lead to super-diffusion and to
anomalous scaling of zero modes.

Falkovich & Sreenivasan. "Lessons from hydrodynamic turbulence."
Physics Today 59.4 (2006): 43-49.
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At least in Kraichnan flows (and some evidence in realistic flows) we can say that the mechanism for
anomalous scaling in passive scalar turbulence is the dominance of zero modes

Zero modes admit an interesting (and testable) physical interpretation: they are functions
statistically preserved over the Lagrangian paths. This conservation comes from a compensation

of the growth in scale by the geometry (shape)

Anomalous scaling, for the velocity field
(but it holds also for passive fields), is typically
rationalized in terms of the multifractal model

The connection (if any) between
these two views Is an open question

Hidden symmetry (Talk by Chiara Calscibetta)
would suggest anomalous scaling to originate
from a multiplicative process ->multifractal

What is the connection with zero modes

limit of vanishing diffusion. The anomalies associated with
statistically conserved quantities are qualitatively differ-
ent from those produced by dynamically conserved quan-
tities. For example, dissipation is a singular perturbation
that breaks the conservation of dynamical integrals of mo-
tion and imposes a flux-constancy condition that is simi-
lar to quantum anomalies.* The flux constancy, in turn, 1s
related to cascades of conserved quantities 1in the inertial
range. Zero modes, in contrast, have no associated cas-
cades, nor is their conservation broken by dissipation.
Anomalous scaling of zero modes 1s due to correlations be-
tween different fluid trajectories. As different as they are,
though, the two types of anomalies are intimately related:
Flux constancy imposes certain scaling properties on the
velocity field that generally lead to super-diffusion and to
anomalous scaling of zero modes.

Falkovich & Sreenivasan. "Lessons from hydrodynamic turbulence."
Physics Today 59.4 (2006): 43-49.



An example of active 2D MHD

o,a+v-Va=rAa-+ F, magnetic potential
v+ v-Vv=—-Vp+rvAv —|AaVa
atc +v-Vec= KAC -+ FC passive field

B b= V-+a=(—0ya,0,a) Magnetic Field

(V x b) x b= —AaVa Lorentz Force

|BI>>Ibl

2d-mhd is obtained from 3d-mhd when the vertical magnetic field

IS much more intense that that on the transversal plane

We choose to force passive and active scalars in the same way

F, & F. are different realizations of the same random process that is d-correlated in time
and with support atscale L ~ 1/k;



Time

2D MHD: phenomenology

(9ta + v - Va=kAa —+ F a magnetic potential , | |
Ov+v-Vv=—-Vp+rvAv —|AaVa 0.10 | e;(t) 1
2 |
=3 oic+v-Ve=rAc—+ F. passive field 10
Ags

:
A3

Inverse cascade: no dissipative anomaly 1 0-4 i
eq = limu_0 k(| Val?) =0
ea(t) = % [a?(x,t)dx ot

107° |
Direct cascade: dissipative anomaly
ec = limx .o x{(|Vc|?) = input .
ec(t) = % [ c?(x,t) dx ~ const 10 1 10 102 103
K

As typical in inverse cascades the statistics of a (but also of v) is Gaussian and not intermittent
D. Biskamp and U. Bremer, Phys. Rev. Lett. 72, 3819 (1994)

What is the origin of such differences?

Can we understand it adopting a Lagrangian point of view?
A. Celani, M.C., A. Mazzino & M. Vergassola, PRL 89, 234502 (2002); NJP 6, 72 (2004)




2D MHD: Another look at the absence of dissipative anomaly
Ora + v - Va—h;Aa F,

o(@,t)= (Jy ds Fa(X(s), s > = [t ds [ Fa(y,s)p(y, s|z, t) dy

(2. 1) / ds/ as / (y. s Ny, sl Op(y’. 8|z, 1)




2D MHD: Another look at the absence of dissipative anomaly
Ora + v - Va—ﬁ;Aa F,

o(@,t)= (Jy ds Fa(X(s), s > = [t ds [ Fa(y,s)p(y, s|z, t) dy

(2. 1) / ds/ as / (y. s Ny, sl Op(y’. 8|z, 1)

2

Now let’s see if we can find another expression for a
Aa’? = 2aAa — 2Va - Va
€, = kVa-Va

0:a’ +v-Va? = kAa? + 2aF, — | 2¢, €, — 0O




2D MHD: Another look at the absence of dissipative anomaly
Ora + v - Va—ﬁ;Aa F,

o(@,t)= (Jy ds Fa(X(s), s > = [t ds [ Fa(y,s)p(y, s|z, t) dy

(2. 1) / ds/ as / (y. s Ny, sl Op(y’. 8|z, 1)

2

Now let’s see if we can find another expression for a
Aa’? = 2aAa — 2Va - Va
€, = kVa-Va

0:a’ +v-Va? = kAa? + 2aF, — | 2¢, €, — 0O

a®(x,t) =2 [, ds [ dyp(y, s|z,t)Fu(y, s) [, ds' [ dy Fu(y', s )p(y', s' |y, s)



2D MHD: Another look at the absence of dissipative anomaly
Ora + v - VCL—I{ACL F,

o(@,t)= (Jy ds Fa(X(s), s > = [t ds [ Fa(y,s)p(y, s|z, t) dy

(2. 1) / ds/ as / (y. s Ny, sl Op(y’. 8|z, 1)

2

Now let’s see if we can find another expression for a
Aa’? = 2aAa — 2Va - Va
€, = kVa-Va

0:a’ +v-Va? = kAa? + 2aF, — | 2¢, €, — 0O

a(y, s)

f_-/\_\
a®(x,t) =2 [ ds [ dyp(y, s|z,t)Fa(y, s) [; ds' [ dy' Fu(y', s )p(y', s' |y, s)



2D MHD: Another look at the absence of dissipative anomaly
Ora + v - Va—ﬁ;Aa F,

o(@,t)= (Jy ds Fa(X(s), s > = [t ds [ Fa(y,s)p(y, s|z, t) dy

(2. 1) / ds/ as / (y. s Ny, sl Op(y’. 8|z, 1)

2

Now let’s see if we can find another expression for a

Aa® = 2aAa — 2Va - Va

0:a’ +v-Va? = kAa? + 2aF, — | 2¢, €, — 0O
€, = kVa-Va

a®(x,t) =2 [, ds [ dyp(y, s|z,t)Fu(y, s) [, ds' [ dy Fu(y', s )p(y', s' |y, s)

2 [Vds [Jds' = [ [ dsds’ p(Y', s'ly, s)p(y, s, t) = p(y, s; 4, 8|, t)

a’(x,t) = [[, dsds’ [[ dydy'p(y, s;y,s' |z, t)Fa(y, s)Fa(y',s')



2D MHD: Another look at the absence of dissipative anomaly
Ora + v - Va—ﬁ;Aa F,

o(@,t)= (Jy ds Fa(X(s), s > = [t ds [ Fa(y,s)p(y, s|z, t) dy

(z,1) / s / ds’ / (y,5)Fa(y', 8 )p(y, s, )p(y’, &', )

2

Now let’s see if we can find another expression for a

Aa® = 2aAa — 2Va - Va

0:a’ +v-Va? = kAa? + 2aF, — | 2¢, €, — 0O
€, = kVa-Va

a®(x,t) =2 [, ds [ dyp(y, s|z,t)Fu(y, s) [, ds' [ dy Fu(y', s )p(y', s' |y, s)

2 [Vds [Jds' = [ [ dsds’ p(Y', s'ly, s)p(y, s, t) = p(y, s; 4, 8|, t)

a’(x,t) = [[, dsds’ [[ dydy'p(y, s;y,s' |z, t)Fa(y, s)Fa(y',s')

en passant Integrating over x and averaging over forcing we can see that (az) X !
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2D MHD: Another look at the absence of dissipative anomaly

</Ot dsF,(X (s; t> / ds/ ds/ (y, s ply. sl Opy. 8|z 1

<(/otdSF( o t) > / ds/ ds/ (Y, s s )p(y, sy, 8’|z, t)

One can generalize to

N

S < [[wnoxen) = (([ dspa<x<3;w,t>)fv>
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N

e. — 0 </Ot dsFa(X(35mvt)> = <(/Ot dSF“(X(S;w’t))N>

How can all paths sum up the same forcing contribution?



2D MHD: A consequence of the absence of dissipative anomaly

N

e, — 0 </OtdsFa(X(s;a:,t)> — (/Ot dsFa(X(s;x,t))

How can all paths sum up the same forcing contribution?

N

In passive scalars
this happens in compressible flows

where for k — 0

all paths collapse In our case velocity is incompressible

and the scalar field is active so the above relation
must be the result of the collective organization of many paths
= and non-trivial correlations between the forcing and the paths

time

space

Gawedzki Vergassola, PhysicaD 138, 63 (2000)



2D MHD: Lagrangian view

ba(S)

a(x, t)= [ ds / p(y, 5%, 1) Fa(y, s) dy
¢C(S)

()= [y ds [ plysix,t) Fely,s) dy



2D MHD: Lagrangian view

ba(S)

a(x, )= [ ds / p(y, s|x,) Fa(y, s) dy
¢C(3)

()= [y ds [ ply.shx,t) Fely,s) dy

Correlations between [, & Lagrangian paths
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Some general considerations on active scalars

Fields that act on the velocity through local forces

rAa + F,
—Vp+vAv+|F(a,Va,...)

0,a+v-Va
0;v +v -V

e.g. Thermal Convection: a (temperature) F = —(Gga (buoyancy) or MHD

Fields functionally linked to the velocity field

0,a+v-Va=krAa+ F,
Uz’(wat) — fdy Fz[mvy] @(y,t)

e.g. 2d-NS a = V x v (vorticity) T'; [z, y] = —(27) "' €;;0; log |z — |
or Surface Quasi-Geostrophic equation v;(x,t) = [ dya(y,t)€;;0z, |x — y| 1

Due to the “activity” i.e. the dependence of v on a the problem is non linear and one cannot invoke
the zero modes picture to justify universality of the statistics
in other terms both the statistical properties of velocity and scalar fields are no more guarantee to be universal
with respect to the forcing
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