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A multiscale problem

... with strongly non Gaussian statistics 

Turbulent flows
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Lagrangian approach:

Lagrangian pair trajectories separation:
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Evolution of  the velocity fields

<latexit sha1_base64="1Q9yfHU5CV+nYUmkVvUSHeRuuwA=">AAACQXicbZDLSgMxFIYz9VbrrdWlm2ARKkiZ0VpdFt24rGAv0JaSSc+0ocnMkGSEMsxLuNW38Sl8BHfi1o3ptAt7OZDw859LTj435Exp2/60MhubW9s72d3c3v7B4VG+cNxUQSQpNGjAA9l2iQLOfGhopjm0QwlEuBxa7vhhmm+9gFQs8J/1JISeIEOfeYwSbax21xW4XdIX/XzRLttp4FXhzEURzaPeL1jF7iCgkQBfU06U6jh2qHsxkZpRDkmuGykICR2TIXSM9IkA1YvThRN8bpwB9gJpjq9x6v7viIlQaiJcUymIHqnl3NRcm3PFWnv27OJO2rvrxcwPIw0+na3kRRzrAE854QGTQDWfGEGoZOZXmI6IJFQbmrnuADxDPJ0bDyVMklgO3SS2y5XrSwPuJr0Sg9VZhrgqmldlp1quPlWKtfs54Cw6RWeohBx0i2roEdVRA1HE0St6Q+/Wh/VlfVs/s9KMNe85QQth/f4Bm7utqw==</latexit>

X(t)
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While the focus will be on the Lagrangian point of view I will start recalling some  
basic phenomenology of  turbulent velocity fields from an Eulerian point of view

Euler



Outline 

• Recap: Basic facts on 3D Navier-Stokes (NS) turbulence, phenomenology 
of the energy cascade; Intermittency, anomalous scaling and the 
MultiFractal model (MF)


• An intermezzo: shell models, a gym for both Eulerian and Lagrangian 
turbulence


• Lagrangian turbulence: intermittency and MF model for velocity and 
acceleration statistics


• Lagrangian irreversibility (at the very last if there is time)



3D NS equation: very basic 
@tu+ u ·ru = �rp+ ⌫�u+ F
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in Fourier space
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  ν, F → 0
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= 0phase space 

preserved

Equilibrium physics (if |k|<K <\infty)
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⌫h|ru|2i = ✏ > 0 dissipative 
anomaly

Non-Equilibrium Statistically Steady State 

with flow (cascade) of energy  

ν, F ≠ 0
  ν, F → 0
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ûk · !̂�k

Energy

Helicity

p
q

k

Conservations holds 
triad by triad

<latexit sha1_base64="9rh8JXFWOqWm67AOVtKq1Rxu4ME="></latexit>

@(@tûk)
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NS turbulence: (3D) energy cascade

Driven dissipative strongly nonlinear and non-equilibrium dynamical system  
with many characteristic scales and times
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where a and fi are parameters which together deter-
mine the mean energy E and mean enstrophy Q ;
see Fox and Orszag [116] and Basdevant and Sadour-
ny [117] for a computer simulation of the approach
toward this equilibrium. The case fi = 0 gives energy
equipartition, a = 0 gives enstrophy equipartition,
while the possibility of negative f3 implies the existence
of spectra whose energy peaks at small wavenumbers.
The implication for the nonequilibrium behaviour
displayed during the approach to equilibrium is

complex because there are three différent regimes
of behaviour depending upon the values of

ko = (Q/E)1/2 relative to the truncation wavenumbers
kmin and kmax. We refer the reader to Kraichnan [115]
who shows that an initial state in which energy and

enstrophy are concentrated at ko with

leads to an inverse (to small wavenumbers) transfer
of energy and a direct (to large wavenumbers) transfer
of enstrophy.

Extension of this treatment to two layer flows
with or without topography and rotation has been
made by Salmon, Holloway and Hendershott [118].
They found that the system behaves essentially like
a single flow in the large scales and like two uncor-
related flows in the small scales.

In the context of the two-dimensional Euler

equation, it is also possible to consider the statistical
mechanics of a system of discrete point-vortices [ 119-
123]. The relationship between this approach and
absolute equilibrium has been investigated by Kraich-
nan [115]. It must also be mentioned that the numeri-
cal simulations of Boccara, Conte and Sarma [124]
indicate that such systems of discrete vortices do not
necessarily evolve towards statistical equilibrium.

4. Phenomenology following Kolmogorov 1941. -
4.1 K41 PHENOMENOLOGY FOR THREE-DIMENSIONAL

TURBULENCE. - By the Kolmogorov 1941 theory
(in short K41), we mean the general class of arguments
developed by Kolmogorov [25], Obukhov [125] and
others (see ref. [126] for review) which has led in
particular to the 5/3 law for the energy spectrum.

Consider a stationary homogeneous isotropic tur-
bulence where energy is injected with a forcing
spectrum F(k) peaked about a wavenumber ko(= 1/l0),
as in figure 3. The energetics of eddies with wave-
numbers smaller than a given wavenumber k are
determined by an equilibrium between the injection,
the losses due to viscous dissipation and the energy
flux lI (k) to higher wavenumbers (to smaller eddies) :

FIG. 3. - The energy cascade according to the 1941 Kolmogorov
theory : at each step the eddies are space-filling.

lui depends upon the inertial terms in the Navier-
Stokes equation, and is expressible in terms of the
triple velocity correlation  uuu &#x3E; (cf. appendix 3).
We suppose that the flow will evolve into a quasi-
stationary self-similar hierarchy of eddies whose
wavenumbers form a geometric progression, say

The energy, Em carried by eddies of size 1,,( - 1 /kn)
is related to the energy spectrum by

There are three time scales implied by the Navier-
Stokes equation for an eddy of size 1/k in the hierarchy.
In the inertial range, the viscous time scale,

is the largest of the three and may be ignored. The
inertial terms determine two time scales :

(i) The eddy-turnover-time,

where

is a typical velocity difference accross an eddy of
size ln. It is the time required for the eddy to be dis-
torted and, in this distortion process, generate smaller
eddies. Therefore, r. is associated with energy transfer.

(ii) The sweeping time,

is the time required for the eddy of size ln to be simply
advected without appreciable distortion past a point
of observation fixed relative to the largest, most

) energetic eddies. It is therefore irrelevant to energy
transfer.
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Fig. 27.2 Sketch of energy cascade. Large scale eddies, of size L in the order of the scale where
energy is injected, become unstable and generate smaller scale eddies until they reach the scale η,
where dissipation takes over. According to K41 theory, we can identify three ranges of scales: r ∼ L
the (non-universal) forcing range, η " r " L the (universal) inertial range where the statistics only
depends on the energy dissipation rate ε and the dissipation range which is also expected to be
universal and only depending on ε and the viscosity ν

The idea of developing a statistical theory of turbulence was further put forward
by Andrei Nikolaevich Kolmogorov (see related entry) in 1941 in a series of works,6

which still stand at the basis of much of our understanding of turbulence. At that
time, Kolmogorov already laid the foundation of the axiomatic theory of probability,
which explains the opening sentence of his first paper on turbulence “In considering
the turbulence it is natural to assume the components of the velocity [...] as random
variables in the sense of the theory of probabilities”. Then he made three hypothesis,
whose basis have been discussed above: at scales small enough turbulence is homoge-
neous and isotropic and has universal properties; at very small scales such properties
should depend only on the kinematic viscosity ν and the rate of energy dissipation ε;
at small scales but not too small (i.e., where the energy cascade is at play) they should
depend only on ε. Homogeneity and isotropy allow for disregarding the dependence
on position and direction. Then, using dimensional arguments7 we can realize that
the small eddies responsible for dissipation should be at scale η = (ν3/ε)1/4 andwith

6Note that in about the same years independently from Kolmogorov both Heisenberg and Onsager
arrived, with different paths, to similar ideas. However, the formulation of Kolmogorov was more
general and led to the modern understanding of turbulence.
7If [L] and [U ] are used as dimensions for lengths and velocities, respectively, time can be expressed
as [L][U ]−1. Then we notice that ε has the dimension of energy over time, i.e., [U ]3[L]−1 while
viscosity ν of square length over time, i.e., [L][U ]. Then tomake a scale using ν and ε one has [L] =
[ε]α[ν]β = [U ]3α+β [L]−α+β , thus solving 3α + β = 0 and β − α = 1 one obtains α = −1/4 and
β = 3/4, and analogously the other expressions.

Re =
UL

⌫
⇡ inertial terms

dissipative terms ∞



Kolmogorov 1941
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The idea of developing a statistical theory of turbulence was further put forward
by Andrei Nikolaevich Kolmogorov (see related entry) in 1941 in a series of works,6

which still stand at the basis of much of our understanding of turbulence. At that
time, Kolmogorov already laid the foundation of the axiomatic theory of probability,
which explains the opening sentence of his first paper on turbulence “In considering
the turbulence it is natural to assume the components of the velocity [...] as random
variables in the sense of the theory of probabilities”. Then he made three hypothesis,
whose basis have been discussed above: at scales small enough turbulence is homoge-
neous and isotropic and has universal properties; at very small scales such properties
should depend only on the kinematic viscosity ν and the rate of energy dissipation ε;
at small scales but not too small (i.e., where the energy cascade is at play) they should
depend only on ε. Homogeneity and isotropy allow for disregarding the dependence
on position and direction. Then, using dimensional arguments7 we can realize that
the small eddies responsible for dissipation should be at scale η = (ν3/ε)1/4 andwith

6Note that in about the same years independently from Kolmogorov both Heisenberg and Onsager
arrived, with different paths, to similar ideas. However, the formulation of Kolmogorov was more
general and led to the modern understanding of turbulence.
7If [L] and [U ] are used as dimensions for lengths and velocities, respectively, time can be expressed
as [L][U ]−1. Then we notice that ε has the dimension of energy over time, i.e., [U ]3[L]−1 while
viscosity ν of square length over time, i.e., [L][U ]. Then tomake a scale using ν and ε one has [L] =
[ε]α[ν]β = [U ]3α+β [L]−α+β , thus solving 3α + β = 0 and β − α = 1 one obtains α = −1/4 and
β = 3/4, and analogously the other expressions.
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Anomalous scaling and universality
〈(δru)n〉 ∼ rζn P (δru/[δru]rms)

〈(δru)n〉 = Cn(εvr)n/3
(

L
r

)n/3−ζn

anomalous scaling requires the external scale L: universality?

Experiments & DNS→ exponents ζn’s are universal!
(A. Arneodo et al, Europhys. Lett. 34, 411 (1996) )

constants Cn are not
origin of anomalous scaling and universality? yet unsolved

(U. Frisch Turbulence: The Legacy of A. N. Kolmogorov (1995))
Universality in turbulent systems? – p.6/22

K41

K41against data
E(k) ∼ k−5/3

Energy spectrum close to K41 prediction

Higher moments deviate from K41—->intermittency 

r192 27 Turbulence

Fig. 27.3 Left: visualization of a 2D plane of enstrophy (|∇ × u|2), closely related to the energy
dissipation, extracted from a 3D simulation at a resolution of N = 10243 collocation points of a
homogeneous and isotropic turbulent flow. Notice the coexistence of regions with low and high
values denoting a non uniform distribution. Right: contour of the regions inside the 3D volume
where the vorticity module is above 20% of its maximum (|∇ × u| > 0.20max{(|∇ × u|), again
notice the non uniform filling of the volume. Courtesy of L. Biferale and M. Buzzicotti (see M.
Buzzicotti, L. Biferale, and F. Toschi, Phys. Rev. Lett. 124, 084504 (2020))

one described above and aK41-like theory can be derived. Also in this case, however,
the scaling behavior is anomalous. Robert Kraichnan (1928–2008) in the mid-1990s
proposed a very simple model in which the properties of the velocity field are under
control arguing the presence of anomalous scaling. In the subsequent 10 years, the
problem was exactly solved and the anomalous exponents were theoretically derived
and shown to be universal and related to the existence of statistical conservation
laws. While this was a great success, it is still unclear if and how such ideas can
be exported to fluid turbulence, as they rely on the linear character of the equations
while the Navier-Stokes ones are strongly non-linear.

After discussing the properties of turbulent flows, from an Eulerian point of view,
it is useful to discuss it from the Lagrangian one, i.e., focusing on the motion of fluid
elements (or small particles transported by the fluid). Indeed, one of the hallmarks of
turbulence is its efficiency in transporting and mixing substances as highlighted by
the following example. Your roommate lights up a cigarette say at 4m from you, how
long does it take for you to smell it? It is a matter of seconds, isn’t it? Considering
that smoke-parcels molecular diffusivity is about D = 2 · 10−5 m2/s and that for a
diffusing particle (see the entry BrownianMotion), on average, the square of distance
traversed is linear in the time duration, we would get about 8 · 105 s, i.e., slightly
more than 9 days! Such big difference is because smoke spreading ismostly due to air
turbulence and not diffusion. Indeed, even if not perceived, room air is turbulent due
to air blowing in fromwindows or because excited by unavoidable thermal gradients.
Turbulent spreading of smoke, odors, etc. is crucial for life: animals find their mates
or their food mostly via odors; think of their life if odors only spread via molecular

local energy dissipation 
highly inhomogeneous
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A technical remark
The essence of Laplace’s method is to assume that  
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therefore one has the correspondence

h ↔ α − 2
3

, D(h) ↔ f (α), ζp = p

3
+

(
p

3
− 1

)(
dp

3
− 3

)
.

Of course the result ζ3 = 1, once assumed δv ∼ (ε%%)
1/3, holds for any f (α). Let us note that

the log-normal theory K62 where

ζp = p

3
+

µ

18
p(3 − p)

is a special case of the multifractal model, where there are no restrictions on the values of h
and D(h) is a parabola with a maximum at DF = 3:

D(h) = − 9
2µ

h2 +
3
2
(2 + µ)h − 4 − 20µ + µ2

8µ

and the parameter µ is determined by the fluctuation of ln ε%.

2.3. A technical remark on multifractality

To obtain the scaling behavior of Sp(%) ∼ (%/L)ζp given by (7) with ζp obtained from (8), one
has to assume that the exponent ph + 3 − D(h) has a minimum, ζp, which is a function of h,
and that such an exponent behaves quadratically with h in the vicinity of the minimum. This
is the basic assumption to apply the Laplace method of steepest descent [22]. The point we
would like to recall here is that, for small separations, %, it is true that Sp(%) ∼ (%/L)ζp but
with a logarithmic prefactor:

Sp(%) ∼
[
−ln

(
%

L

)]−1/2(
%

L

)ζp

. (14)

Such a prefactor is usually not considered in the naive application of the Laplace method leading
to (7). The presence of such logarithmic correction, if present, would clearly invalidate the
4/5th law (4), one of the very few exact results in fully developed turbulence.

The question on whether such logarithmic correction is likely has quantitatively been
addressed by Frisch et al [23]. There, exploiting the refined large-deviations theory, the
authors were able to explain in which way the logarithmic contribution cancels out thus giving
rise to a prediction fully compatible with the naive (a priori unjustified) procedure to extract
the scaling behavior (7). The key point is that the leading-order large deviation result for the
probability P%(h) to be within a distance % of the set carrying singularities of scaling exponent
between h and h + dh,

P%(h) ∼
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)3−D(h)

, (15)

must be generalized to take into account the next subleading order. In doing so, as a result one
obtains [23]
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]1/2

, (16)

which contains subleading logarithmic correction. It is worth observing that despite the
multiplicative character of the logarithmic correction one speaks of ‘subleading correction’.
This is justified by the fact that the correct statement of the large-deviations leading-order
result involves the logarithm of the probability divided by the logarithm of the scale. The
correction is then a subleading additive term.
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A technical remark
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therefore one has the correspondence
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, D(h) ↔ f (α), ζp = p
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Of course the result ζ3 = 1, once assumed δv ∼ (ε%%)
1/3, holds for any f (α). Let us note that

the log-normal theory K62 where

ζp = p

3
+

µ

18
p(3 − p)

is a special case of the multifractal model, where there are no restrictions on the values of h
and D(h) is a parabola with a maximum at DF = 3:

D(h) = − 9
2µ

h2 +
3
2
(2 + µ)h − 4 − 20µ + µ2

8µ

and the parameter µ is determined by the fluctuation of ln ε%.
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Refined arguments  based on rigorous application of Large Deviation Theory 
show that the probability to pick an h value should be actually written as 

In the following we will ignore this technical point
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How to determine D(h)? 
The dream would be to have it from a theory based on the NS equation:  
but we do not have it

What we can easily to is to use the known (measured) moments of the velocity  
increments and from those obtain D(h) or a fit of it

Use some intuition and physics knowledge of the problem to have a fitting function  
with no or very few fitting parameters

For instance 4/5 law says us that

S3(r) = h(�ku(r))3i = �4

5
✏r + 6⌫@rS2(r) + . . .
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In the next slide we sketch the so-called (generalized) She-Leveque model
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zeroth law of turbulence
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Fig. 3. The normalised energy dissipation rate, " (indicated as D on the y-axis), versus R� . Results from direct numerical simulations Gotoh et al.
(2002), Ishihara & Kaneda (2002), and Kaneda et al. (2003), together with the ones compiled by Sreenivasan (1998), i.e., the data from Cao et al.
(1999), Jimenez et al. (1993), Wang et al. (1996), and Yeung & Zhou (1997).
Source: Figure reproduced from [5].

satisfy the zero law of turbulence. Using Eq. (11) we can estimate the rate of energy dissipation as FU0 and we should
require that it is independent of Re. This is possible only if f (Re) ⇠ Re for large Re:

F ⇠ ⇢L3
⌫U0

L2
Re = CD⇢L2U2

0 (12)

The quantity CD is called the drag coefficient. Eq. (12) tells us that the drag force for large Re is proportional to U2
0 .

Lecture 1.3. Boundary layer turbulence

The above example is just one of many. Two interesting consequences of the zeroth law of turbulence are the boundary
layer flow and the Richardson diffusion. Let us start with the boundary layer flow: we consider a channel in three
dimensions or the flow around two cylinders at some distance 2H. The flow is forced by a pressure gradient in the x-
direction and we denote y the transverse direction. We assume that the flow is turbulent and we are interested to obtain
the velocity profile of U(y) which is the ‘‘average’’ flow in the channel. Furthermore, we assume for theoretical purpose
that the channel is so extended that at any point x we can observe the same statistical properties of the turbulent flows.
It follows than any average quantity is independent on x. This also implies that any time average should also corresponds
to the space average on x (they are supposed to be the same!). Finally, we assume periodic boundary conditions in z.

We consider each velocity component as the sum of an average part and a ‘‘turbulent’’ fluctuating part and we write

v = hvi + v0 (13)

where h..i denotes average. Since the average cannot depend on both x and z (because of the periodic boundary
conditions), hvi = U(y)i where i is the versor in the x direction. Hereafter, we often use the notation ai, with i = 1, 2, 3, to
denote the component of the vector a and the notation on repeated indices, i.e. ⌃iaibi is written as aibi. Note that in this
notation r · v = @ivi. Finally, we assume that the pressure, as any other quantities, can be decomposed as p = hpi + p0.

Using the above notation we can rewrite the N.S. Eq. (1) as:
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Upon average, we obtain:
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Intermediate dissipative range
rescaling the energy spectra

à la K41 accounting for the intermediate dissipative range

U.  Frisch, (1995). Turbulence: the legacy of AN Kolmogorov. Cambridge university press.
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where a and fi are parameters which together deter-
mine the mean energy E and mean enstrophy Q ;
see Fox and Orszag [116] and Basdevant and Sadour-
ny [117] for a computer simulation of the approach
toward this equilibrium. The case fi = 0 gives energy
equipartition, a = 0 gives enstrophy equipartition,
while the possibility of negative f3 implies the existence
of spectra whose energy peaks at small wavenumbers.
The implication for the nonequilibrium behaviour
displayed during the approach to equilibrium is

complex because there are three différent regimes
of behaviour depending upon the values of

ko = (Q/E)1/2 relative to the truncation wavenumbers
kmin and kmax. We refer the reader to Kraichnan [115]
who shows that an initial state in which energy and

enstrophy are concentrated at ko with

leads to an inverse (to small wavenumbers) transfer
of energy and a direct (to large wavenumbers) transfer
of enstrophy.

Extension of this treatment to two layer flows
with or without topography and rotation has been
made by Salmon, Holloway and Hendershott [118].
They found that the system behaves essentially like
a single flow in the large scales and like two uncor-
related flows in the small scales.

In the context of the two-dimensional Euler

equation, it is also possible to consider the statistical
mechanics of a system of discrete point-vortices [ 119-
123]. The relationship between this approach and
absolute equilibrium has been investigated by Kraich-
nan [115]. It must also be mentioned that the numeri-
cal simulations of Boccara, Conte and Sarma [124]
indicate that such systems of discrete vortices do not
necessarily evolve towards statistical equilibrium.

4. Phenomenology following Kolmogorov 1941. -
4.1 K41 PHENOMENOLOGY FOR THREE-DIMENSIONAL

TURBULENCE. - By the Kolmogorov 1941 theory
(in short K41), we mean the general class of arguments
developed by Kolmogorov [25], Obukhov [125] and
others (see ref. [126] for review) which has led in
particular to the 5/3 law for the energy spectrum.

Consider a stationary homogeneous isotropic tur-
bulence where energy is injected with a forcing
spectrum F(k) peaked about a wavenumber ko(= 1/l0),
as in figure 3. The energetics of eddies with wave-
numbers smaller than a given wavenumber k are
determined by an equilibrium between the injection,
the losses due to viscous dissipation and the energy
flux lI (k) to higher wavenumbers (to smaller eddies) :

FIG. 3. - The energy cascade according to the 1941 Kolmogorov
theory : at each step the eddies are space-filling.

lui depends upon the inertial terms in the Navier-
Stokes equation, and is expressible in terms of the
triple velocity correlation  uuu &#x3E; (cf. appendix 3).
We suppose that the flow will evolve into a quasi-
stationary self-similar hierarchy of eddies whose
wavenumbers form a geometric progression, say

The energy, Em carried by eddies of size 1,,( - 1 /kn)
is related to the energy spectrum by

There are three time scales implied by the Navier-
Stokes equation for an eddy of size 1/k in the hierarchy.
In the inertial range, the viscous time scale,

is the largest of the three and may be ignored. The
inertial terms determine two time scales :

(i) The eddy-turnover-time,

where

is a typical velocity difference accross an eddy of
size ln. It is the time required for the eddy to be dis-
torted and, in this distortion process, generate smaller
eddies. Therefore, r. is associated with energy transfer.

(ii) The sweeping time,

is the time required for the eddy of size ln to be simply
advected without appreciable distortion past a point
of observation fixed relative to the largest, most

) energetic eddies. It is therefore irrelevant to energy
transfer.

IDEA:  we keep discrete representative scales    
with a representative velocity variable at each scale 

so to focus on the energy cascade process only 
and define a “reduced” dynamics to mimic the energy cascade

ℓn = ℓ0λ−n



Shell models: basic ideas
<latexit sha1_base64="LZjnljj9hcWo7+v72hRds+TfdT4="></latexit>
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•    logarithmically equispaced shells (typically )


• Gn quadratic in u of the form 


•  for  it should preserve the quadratic invariants of NS e.g. 



• for   it should preserve them triad by triad 

• for   phase space is preserved

• locality (non needed in principle) interactions among shells are local (n’,n’’ 

are close to n)


NB: the above requests do not fix unambiguously Gn


PROS: extended inertial range with few d.o.f. , absence of sweeping, ideal 
framework to study the cascade of energy

CONS: absence of geometry (can only be partially cured), but this can also 
be a pros as shown later
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Sabra shell model
SABRA model (L’vov et al 1998)

Shell model – energy cascade and intermittency

𝛿𝑣 𝑟

NS Shell model
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� Kolmogorov-like energy cascade, 
same as NS:

� Intermittency: quantitatively the 
same as NS (3D): ⇣2 = 0.72 ⇣3 = 1 ⇣4 = 1.30 ⇣6 = 1.78NS
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Lagrangian turbulence
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equation-informed and data-driven tools to generate 3D single- or 
multiparticle Lagrangian trajectories possessing statistical and geo-
metrical properties that quantitatively agree with experiments and 
direct numerical simulations (DNSs). The demand for the synthetic 
generation of high-quality and high-quantity data is crucial in various 
turbulent applications, particularly in the Lagrangian domain, where 
having even a single trajectory requires the reproduction of the entire 
Eulerian field over huge spatial domains, which is often a daunting 
or impossible task for DNSs or extremely laborious for experiments.

Here we present a stochastic data-driven model able to match 
numerical and experimental data concerning single-particle statistics 
in homogeneous and isotropic turbulence at high Reynolds num-
bers. The model is based on a state-of-the-art generative DM36,37,53. We 
have trained two distinct DMs for our study: DM-1c, which generates 
a single component of the Lagrangian velocity, and DM-3c, which 
simultaneously outputs all three correlated components (Methods). 
Our synthetic generation protocol is able to reproduce the scaling of 
velocity increments over the full range of available frequencies and 
for all statistically converged moments up to the eighth order in the 
original training data. Moreover, the protocol successfully captures 
acceleration fluctuations of up to 60 standard deviations and even 
beyond, including the cross-correlations between the three velocity 
components. We train the model using high-quality data obtained 
from DNS at Rλ ≃ 310. The results also show excellent agreement with 
the numerical ground-truth data for the generalized flatness of fourth, 
sixth and eighth orders, whose intensities, due to the presence of inter-
mittent fluctuations, are found to be an order of magnitude larger than 
the expected values in the presence of a Gaussian statistic. Remark-
ably, our model exhibits strong generalization properties, enabling 
the synthesis of events with intensities never encountered during the 
training phase. These extreme fluctuations, resulting from small-scale 

stochastic partial differential equations. However, although all these 
previous attempts are able to reproduce well some non-trivial features 
of the turbulent statistics, we still lack a systematic way to generate 
synthetic trajectories with the correct multiscale statistics over the full 
range of dynamics encountered in a real turbulent environment, from 
the large forcing scales, through the intermittent inertial range, to the 
coupled regime between inertial and dissipative scales33.

As a result, new approaches are needed to attack the problem. 
Machine learning (ML) synthetic data-driven models, including vari-
ational autoencoders34, generative adversarial networks (GANs)35 
and, more recently, diffusion models (DMs)36, have exhibited remark-
able success across diverse fields such as computer vision, audio gen-
eration, natural language processing, healthcare and various other 
domains37–40. Building upon this success, there is a growing interest 
in applying these techniques to scientific challenges. Specifically, ML 
methods have shown strong potential to tackle open problems in fluid 
mechanics41,42. ML tools have been further developed for tasks like 
generation, super-resolution, prediction and inpainting of dynamical 
systems43,44, two-dimensional (2D) and three-dimensional (3D) Eulerian 
turbulent snapshots45–50; see ref. 51 for a short summary. In many cases, 
the validation of these tools when applied to fluid mechanics is primar-
ily limited to simple 2D smooth and quasi-Gaussian turbulent flows 
or focused on single-point measurements such as mean profiles and 
two-point spectral properties. There is often a lack of comprehensive 
quantitative assessments concerning the more intricate multiscale 
non-Gaussian properties at high Reynolds numbers. Recently, a fully 
convolutional model has been proposed to generate one-dimensional 
Eulerian cuts of high-Reynolds-number turbulence52. This model has 
demonstrated success in capturing up to the fourth-order structure 
function; however, its generalization to higher-order statistics exhibits 
less accuracy. Given the state of the art, it is fair to say that we lack both 
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Fig. 1 | Comparison between DNSs and DMs. a, Standardized PDFs of one 
generic component of the velocity increment, δτVi, at τ/τη = 1, 2, 5, 100 for 
ground-truth DNS data (black lines), synthetically generated data from DM-1c 
(blue lines with circles) and that from DM-1c-10% (green lines with squares), 
a DM-1c model trained with 10% DNS data. PDFs for different τ are vertically 
shifted for the sake of presentation. σ is the standard deviation. b–d, DM-1c 
trajectories for one generic velocity component with large (b), medium (c) 
and small (d) time increments, τ/τη = 100, 5, 1, respectively. e, Comparison of 
3D trajectories showing small-scale vortex structures for both DNS and DM-3c 
data, where different curves correspond to the three standardized velocity 
components i = x, y, z. For the DNS, the high oscillatory correlations between 

the three components are consistent with the presence of strong vortical 
structures. Similarly, in the case of DM-3c, these correlations can be interpreted 
as reflecting vortical structures within the hypothetical Eulerian flow. f, Examples 
of 3D trajectories reconstructed from DNS (bottom) and DM-3c (top). Notice in 
panel a the remarkable generalizability properties of our DM data-driven model, 
able to explore and capture extreme events for velocity fluctuations with far 
larger intensities than observed in the DNS dataset, represented by much more 
extended tails, while still maintaining the ground-truth statistics inherent in the 
training data. Here, the statistics for DM-1c and DM-1c-10% data are derived from 
86 and 22 times the number of trajectories in the DNS, respectively.
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equation-informed and data-driven tools to generate 3D single- or 
multiparticle Lagrangian trajectories possessing statistical and geo-
metrical properties that quantitatively agree with experiments and 
direct numerical simulations (DNSs). The demand for the synthetic 
generation of high-quality and high-quantity data is crucial in various 
turbulent applications, particularly in the Lagrangian domain, where 
having even a single trajectory requires the reproduction of the entire 
Eulerian field over huge spatial domains, which is often a daunting 
or impossible task for DNSs or extremely laborious for experiments.

Here we present a stochastic data-driven model able to match 
numerical and experimental data concerning single-particle statistics 
in homogeneous and isotropic turbulence at high Reynolds num-
bers. The model is based on a state-of-the-art generative DM36,37,53. We 
have trained two distinct DMs for our study: DM-1c, which generates 
a single component of the Lagrangian velocity, and DM-3c, which 
simultaneously outputs all three correlated components (Methods). 
Our synthetic generation protocol is able to reproduce the scaling of 
velocity increments over the full range of available frequencies and 
for all statistically converged moments up to the eighth order in the 
original training data. Moreover, the protocol successfully captures 
acceleration fluctuations of up to 60 standard deviations and even 
beyond, including the cross-correlations between the three velocity 
components. We train the model using high-quality data obtained 
from DNS at Rλ ≃ 310. The results also show excellent agreement with 
the numerical ground-truth data for the generalized flatness of fourth, 
sixth and eighth orders, whose intensities, due to the presence of inter-
mittent fluctuations, are found to be an order of magnitude larger than 
the expected values in the presence of a Gaussian statistic. Remark-
ably, our model exhibits strong generalization properties, enabling 
the synthesis of events with intensities never encountered during the 
training phase. These extreme fluctuations, resulting from small-scale 

stochastic partial differential equations. However, although all these 
previous attempts are able to reproduce well some non-trivial features 
of the turbulent statistics, we still lack a systematic way to generate 
synthetic trajectories with the correct multiscale statistics over the full 
range of dynamics encountered in a real turbulent environment, from 
the large forcing scales, through the intermittent inertial range, to the 
coupled regime between inertial and dissipative scales33.

As a result, new approaches are needed to attack the problem. 
Machine learning (ML) synthetic data-driven models, including vari-
ational autoencoders34, generative adversarial networks (GANs)35 
and, more recently, diffusion models (DMs)36, have exhibited remark-
able success across diverse fields such as computer vision, audio gen-
eration, natural language processing, healthcare and various other 
domains37–40. Building upon this success, there is a growing interest 
in applying these techniques to scientific challenges. Specifically, ML 
methods have shown strong potential to tackle open problems in fluid 
mechanics41,42. ML tools have been further developed for tasks like 
generation, super-resolution, prediction and inpainting of dynamical 
systems43,44, two-dimensional (2D) and three-dimensional (3D) Eulerian 
turbulent snapshots45–50; see ref. 51 for a short summary. In many cases, 
the validation of these tools when applied to fluid mechanics is primar-
ily limited to simple 2D smooth and quasi-Gaussian turbulent flows 
or focused on single-point measurements such as mean profiles and 
two-point spectral properties. There is often a lack of comprehensive 
quantitative assessments concerning the more intricate multiscale 
non-Gaussian properties at high Reynolds numbers. Recently, a fully 
convolutional model has been proposed to generate one-dimensional 
Eulerian cuts of high-Reynolds-number turbulence52. This model has 
demonstrated success in capturing up to the fourth-order structure 
function; however, its generalization to higher-order statistics exhibits 
less accuracy. Given the state of the art, it is fair to say that we lack both 
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generic component of the velocity increment, δτVi, at τ/τη = 1, 2, 5, 100 for 
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(blue lines with circles) and that from DM-1c-10% (green lines with squares), 
a DM-1c model trained with 10% DNS data. PDFs for different τ are vertically 
shifted for the sake of presentation. σ is the standard deviation. b–d, DM-1c 
trajectories for one generic velocity component with large (b), medium (c) 
and small (d) time increments, τ/τη = 100, 5, 1, respectively. e, Comparison of 
3D trajectories showing small-scale vortex structures for both DNS and DM-3c 
data, where different curves correspond to the three standardized velocity 
components i = x, y, z. For the DNS, the high oscillatory correlations between 

the three components are consistent with the presence of strong vortical 
structures. Similarly, in the case of DM-3c, these correlations can be interpreted 
as reflecting vortical structures within the hypothetical Eulerian flow. f, Examples 
of 3D trajectories reconstructed from DNS (bottom) and DM-3c (top). Notice in 
panel a the remarkable generalizability properties of our DM data-driven model, 
able to explore and capture extreme events for velocity fluctuations with far 
larger intensities than observed in the DNS dataset, represented by much more 
extended tails, while still maintaining the ground-truth statistics inherent in the 
training data. Here, the statistics for DM-1c and DM-1c-10% data are derived from 
86 and 22 times the number of trajectories in the DNS, respectively.

We learned about the statistical  properties of the velocity field in the Eulerian frame 
and to recognize the signature of intermittency and the cascade 

what about the Lagrangian frame?
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Another important general property shared by almost all shell models is the pres-
ence of a phase-invariance that constrains the possible set of stationary correlation
functions with a nonzero mean value. In particular, it is simple to realize that the
GOY equations of motion are invariant (neglecting the forcing mechanism) under
the following redefinition of the phase variables (Benzi et al. 1993):

un ! un expiµn , (9)

with the only constraint that µn+ 2 + µn+ 1 + µn = 0,mod(2º ). Owing to this phase
invariance, the only quadratic form in the shell-velocity field with a mean value
different from zero is hunun+3mi or hunu§

ni. Similarly, there are other constraints
for three-point correlation fuctions and many-point correlation functions. This
phase invariance is the equivalent of Galilean invariance in NS equations. Phase
invariance can be exploited to define a slightly different version of the GOYmodel
(L’vov et al. 1998a) that further reduces the number of possible nonzero correlation
functions. This new model differs from the GOY model only for the structure of
complex conjugation in the nonlinear term, namely,
°
d/dt + ∫k2n

¢
un = i

°
knun+2u§

n+1 ° bkn°1un+1u§
n°1 ° ckn°2un°1un°2

¢
+ fn.

(10)

The Equation 10 model has the same phase invariance as Equation 9 except that
the constraint between three consecutive phases becomes µn+2 ° µn+1 ° µn = 0
mod(2º ). Such a small change simplifies significantly the spectrumofpossible cor-
relation functions. The only nonzero quadratic forms are fully local in wave num-
ber, hunu§

ni; the same is true for three-points correclation functions, hu§
n+2un+1uni.

Also, four-points correlation functions are local except for the possibility of having
two-velocity amplitude at two different scales, h|un|2|um |2i (L’vov et al. 1998a).
Phenomenology of the GOY model and of its new version (Equation 10) are the
same, and most of the quantitative results coincide exactly. The advantage of the
new version is that numerical results are cleaner, thanks to the strong statistical
locality induced by the phase invariance. This new version also looks more at-
tackable from a field-theoretical point of view, although we still lack a systematic,
controlled procedure to implement field-theoretical methods (see Section 5 for
more details). Hereafter, we mainly discuss theoretical, phenomenological, and
numerical results within the realm of the Equation 10 model.

3. SMALL-SCALES INTERMITTENCY AND UNIVERSALITY
OF ANOMALOUS EXPONENTS

We now start by discussing what is, by far, the most striking statistical properties
of the Equations 2 and 10models and the connections with the analogue properties
of NS equations.
The simplest set of correlation functions able to quantify the statistical proper-

ties of the energy cascade in theoriginalNSequations are the so-called longitudinal-
structure functions, Sp(R), i.e., moments of velocity differences over a scale R in
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(DNS+EXP) L. Biferale, E. Bodenschatz, M. Cencini, AS. Lanotte, NT. Ouellette, F Toschi, and H Xu.

Physics of Fluids 20, no. 6 (2008)


(Shell model) G. Boffetta, F. De Lillo, S. Musacchio.. PRE 66, 066307 (2002)


see also G. Falkovich, H Xu, A Pumir, E Bodenschatz, L Biferale, G Boffetta, AS Lanotte, F Toschi. 

Physics of Fluids 24, no. 5 (2012).

Is there intermittency as for the Eulerian SF? 

Are   related with ? If yes how?ξq ζq

<latexit sha1_base64="8Vag5Mtasn+kfuUtBDA9OAe1Cow="></latexit>

�⌧u ⇠ (✏⌧)1/2

DNS+EXP

shell model



Lagrangian Structure function and intermittency
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FIG. 2. Second order structure function. Inset: profile DL
2 !t"

as a function of time, nondimensionalized TL. In the main figure
the second order structure function is nondimensionalized by the
Kolmogorov scaling et.

DL
2 !t"#et; a plateau with a constant C0 is not observed.

Note that this is also the case in Eulerian measurements
when the third order structure function is represented in
linear coordinates [13]. The function reaches a maximum
at 20th, for which C0 $ 2.9. This value is in agreement
with the estimation C0 ! 4 6 2 in [7] and in the range
of values (between 3 and 7) used in stochastic models for
particle dispersion [14]. In our case there may also be a
bias at small times due to particle effects. However, if
we assume the exponential fit for the velocity autocorrela-
tion function to be valid down to the smallest scales, we
obtain a value C0 ! 3.5 as an upper bound for the maxi-
mum of DL

2 !t"#et. In our set of measurements between
Rl ! 100 and Rl ! 1100, we have observed an increase
of C0 (defined in the same way) from 0.5 to 4. We point out
that in the absence of an equivalent of the Kármán-Howarth
relationship for the Lagrangian time increments, a limit
value of C0 is not a priori fixed. Dimensional analysis
yields DL

2 !t" ! C0!Re"et and similarity arguments give
C0!Re" ! const or C0!Re" ! Rea in the limit of infinite
Reynolds numbers.

To further describe the statistics of the Lagrangian ve-
locity fluctuations, we have analyzed the statistics of the
velocity increments Dty. Their probability density func-
tion (PDF) Pt for t covering the accessible range of
time scales is shown in Fig. 3. To emphasize the func-
tional form, the velocity increments have been normal-
ized by their standard deviation so that all PDFs have unit
variance. A first observation is that the PDFs are sym-
metric, in agreement with the local symmetries this flow.
Another is that the PDFs are almost Gaussian at integral
time scales and progressively develop stretched exponen-
tial tails for small time increments. At the smallest in-
crement, the stretched exponential shape is in agreement
with measurements of the PDF of Lagrangian acceleration
at identical Reynolds numbers [10]. In our case, the limit
form of the velocity increments PDF is not as wide as that
of the acceleration because the Kolmogorov scale is not
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FIG. 3. PDF stPt of the normalized increment Dyt#st . The
curves are shifted for clarity. From top to bottom: t ! 0.15,
0.3, 0.6, 1.2, 2.5, 5, 10, 20, and 40 ms.

resolved. Note that in regards of the evolution of the PDF,
the intermittency is at least as developed in the Lagrangian
frame as it is in the Eulerian one [15].

The continuous evolution with scale can be quantified
using the flatness factor. We show in Fig. 4 the variation
of the excess kurtosis K!t" ! %!Dty"4&#%!Dty"2&2 2 3.
It is null at integral scale as expected from the Gaussian
shape of the PDF and increases steeply at small scales.
Below about 5th, the increase is limited by the cutoff
of the particle; an extrapolation of the trend to th yields
K!th" $ 40 in agreement with acceleration measurements
in [10].

More generally, one can choose to describe the evolution
of the PDFs by the behavior of their moments (or “structure
functions”) DL

q !t" ! %jdtyjq&. Indeed, a consequence of
the change of shape of the PDFs with scale is that their
moments, as the flatness factor above, vary with scale.
Classically in the Eulerian picture, one expects scaling
in the inertial range, DE

q !r" ~ rzq , at least in the limit
of very large Reynolds numbers. At the finite Reynolds
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FIG. 4. Evolution of the excess kurtosis factor K!t" !
%!Dty"4&#%!Dty"2&2 2 3 for the PDFs of the time velocity
increments.
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Experiments, DNS and shell models show that Lagrangian velocity increments  
are highly intermittent 

EXP Shell modelDNS
(G. Boffetta et al  PRE 66, 066307 (2002))

R. Benzi and F. Toschi Physics Reports 1021 (2023) 1–106

Fig. 53. Lagrangian p.d.f. for a single component velocity increments along particle trajectories, over different time increments, ⌧ 2 [2 : 400]⌧⌘ .
Curves are shifted along the y-axis for presentation purposes.
Source: Reproduced from [49].

use a rather pragmatic procedure: we can define two sets of scaling exponents: ⇣l(n) which refer to the longitudinal
structure functions and ⇣t (n) which refer to the transversal structure functions. They should be the same for isotropic
turbulence. However, at large n there is some difference induced by the error in estimating the scaling exponents and the
non-isotropic contribution which cannot be avoided at finite Re. This is shown in Fig. 54 using the numerical simulations
described in [49]: notice that up to n = 6 the difference between ⇣l(n) and ⇣t (n) is inside error bars whereas this is not
the case for n = 8, 10. Starting from the two different sets of the exponents, we can define DL(h) and DT (h) obtained
from ⇣l(n) and ⇣t (n) respectively. This requires some fitting procedure which introduces other errors anyway [49]. From
DL(h) and DT (h) we can compute two possible estimates of the lagrangian exponents ⇣L(n): the two values represent the
theoretical prediction with the uncertainty (error) due to finite Re and statistical errors. To estimate ⇣L(n) we use the
lagrangian version of the ESS already discussed in Lecture 3: we compute the exponent � (n) ⌘ ⇣L(n)/⇣L(2) as a proper
estimate of ⇣L(n) because of the scaling ansatz (266). The final result is shown in Fig. 55: up to n = 8 and within the error
bars, there is a quite good agreement between ⇣L(n) computed from (264) and the observed scaling exponents (the error
in estimating ⇣L(10) is too large for any possible comparison). The final outcome of this rather complex data analysis is
that Eq. (264), with the same function D(h) used for Eulerian intermittency, is consistent with the anomalous scaling of
Lagrangian structure functions.

As a final remark let us note that this is a clear example where the computation of known uncertainty should be taken
into account to obtain a fair comparison between a quantitative prediction and the experimental/numerical data.

Lecture 6.3. Dissipation range in lagrangian turbulence

There is another important point to explore using lagrangian turbulence. The Kolmogorov theory as well as the mul-
tifractal framework predicts that viscous effect becomes relevant at the Kolmogorov scale plus multifractal fluctuations.
In the time domain, which is the one we use for the lagrangian structure functions SLn(⌧ ), the proper quantity to consider
is the Kolmogorov time ⌧k. We observe that ⌧k/T ⇠ Re�1/2 whereas in the space domain the viscous effect depends on Re
through the ratio ⌘k/L ⇠ Re�3/4. The observation is that viscous effect is more pronounced for the lagrangian structure
functions SLn(⌧ ) with respect to the Eulerian ones. This implies that the lagrangian turbulence is most suited to study the
multifractal predictions on the fluctuations of the viscous scale.

We expect that the dissipation time scale ⌧⌘ depends on h in analogy to the Eulerian case. The dissipative scale ⌧⌘(h)
can be computed using the same approach followed in Lecture 4 on the intermittency in the dissipation range. Using
Eq. (262) the condition for the dissipative time scale reads:

U
⇣ ⌧

T

⌘h/(1�h) ⇣ ⌧

T

⌘h/(1�h)
L ⇠ ⌫ !

✓
⌧⌘(h)
T

◆
⇠ Re�(1�h)/(1+h) (267)
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Scaling is typically very poor that the best is to use Extended Self Similarity plots i.e.
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FIG. 5. ESS plots of the structure function variation (in dou-
ble log coordinates). The solid curves are best linear fits with
slopes equal to jL

q ! 0.56 6 0.01, 1.34 6 0.02, 1.56 6 0.06,
and 1.8 6 0.2 for p ! 1, 3, 4, and 5 from top to bottom. Co-
ordinates in arbitrary units.

number where most experiments are made, the lack of a
true inertial range is usually compensated by studying the
relative scaling of the structure functions — the extended
self-similarity, or ESS, ansatz [16]. We use the second
order structure function as a reference. Indeed, the
dimensional estimation of DL

2 (as that of DE
3 ) depends

linearly on the increment and on the dissipation. Figure 5
shows that, as in the Eulerian frame, a relative scaling is
observed for the Lagrangian structure functions of orders
1 to 5, DL

q !t" ~ DL
2 !t"jq . We observe that the relative

exponents follow a sequence close to, but more intermit-
tent than the corresponding Eulerian quantity. Indeed, we
obtain jL

1 #jL
3 ! 0.42, jL

2 #jL
3 ! 0.75, jL

4 #jL
3 ! 1.17,

jL
5 #jL

3 ! 1.28 to be compared to the commonly accepted
Eulerian values [17] jE

1 #jE
3 ! 0.36, jE

2 #jE
3 ! 0.70,

jE
4 #jE

3 ! 1.28, jE
5 #jE

3 ! 1.53.
In conclusion, using a new experimental technique, we

have obtained a Lagrangian velocity measurement that
covers the inertial range of scales. Our results are con-
sistent with Kolmogorov-like dimensional predictions for

second order statistical quantities. At higher orders, the ob-
served intermittency is very strong. How the Lagrangian
intermittency is related to the statistical properties of the
energy transfers is an open question. From a dynamical
point of view, the Navier-Stokes equation in Lagrangian
coordinates could be modeled using stochastic equations.
Work is currently underway to compare the dynamics of
the Lagrangian velocity to predictions of Langevin-like
models.

We thank Bernard Castaing for interesting discussions
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 Bridging Lagrangian and Eulerian MF (Borgas 1993, Boffetta et al 2002, Chevillard et al 2003)
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of MF model is that Lagrangian statistics is 


expected to be much more contaminated by 
fluctuations of the dissipative time scale  

than Eulerian statistics

Which explains the poor scaling! 
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Test of MF in the Lagrangian frame (DNS+EXP)
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# being a free parameter controlling the crossover around
"& "$, and V0 the root mean square velocity. In order to
get a prediction for the behavior of the LVSF, given by
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we have to consider, in (4), the intermittent fluctuations of
the dissipative scale [14,28,30], "$!h"=TL & R2!h%1"=!1$h"
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The last necessary ingredient is to specify the probability
of observing fluctuations of h. This is done in analogy to
Eq. (4):
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where Z is a normalizing function [30] and D!h" is the

TABLE II. Direct numerical simulations. By columns: 1: nu-
merical simulation label; 2: Taylor Reynolds number R%; 3: num-
ber of collocation points N3; 4: total number of Lagrangian
tracers Np; 5: characteristic of dissipation—normal viscous
terms (N), weakly compressible code (C); 6: interpolation tech-
nique for Lagrangian integration—linear interpolation (L), tri-
cubic interpolation (T), cubic splines (CS); 7: reference where
information on the way the corresponding data set was obtained
can be found.

DNS R% N3 Ntr Diss. Tech. Ref.

1 140 2563 5) 105 N T [11]
2 320 10243 5) 106 N T [13]
3 400 20483 3) 105 N L [10]
4 600 18563 1:6) 107 C L [18]
5 650 20483 4) 105 N CS [12]

TABLE I. Experiments. By columns: 1: experiment label;
2: Taylor Reynolds number; 3: Kolmogorov time scale "$;
4: measurement volume in unit of the Kolmogorov length scale
$; 5: Ntr total number of Lagrangian trajectories measured;
6: measurement technique—particle tracking velocimetry
(PTV) and acoustic Doppler (AD); 7: reference where informa-
tion on the way the corresponding data set was obtained can be
found.

EXP R% "$ (s) Meas. vol. ($3) Ntr Tech. Ref.

1 124 8:5) 10%2 3403 1:6) 106 PTV [8]
2 690 9) 10%4 17003 6:0) 106 PTV [7]
3 740 2) 10%4 66003 9:5) 103 AD [6]
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FIG. 1 (color online). Log-lin plot of the fourth order local exponent &!4; "" averaged over velocity components, as a function of the
normalized time lag "="$. Data sets come from three experiments (EXP) (see Table I) and five direct numerical simulations (DNS)
(see Table II). Error bars are estimated from the spread between the three components, except in EXP3 where only two components
were measured. Each data set is plotted only in the time range where recognized experimental or numerical limitations are not
affecting the results. In particular, for each data set, the largest time lag always satisfies "< TL. The minimal time lag is set by the
highest fully resolved frequency. The shaded area displays the prediction obtained by the MF model by using Dlo!h" or Dtr!h", with
# # 4, for a range of R% 2 '150:800(, comparable with the range of R% in the data. Notice that the MF predictions have been obtained
by fixing equal to 7 the multiplicative constant in the definition of "$. The straight dashed line corresponds to the dimensional
nonintermittent value &!4; "" # 2, achieved at small time lags where structure functions do become differentiable. Notice that two
among the DNS are sufficiently resolved to get the mentioned dimensional scaling in the high frequency limit.
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FIG. 1 (color online). Log-lin plot of the fourth order local exponent &!4; "" averaged over velocity components, as a function of the
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We present a collection of eight data sets from state-of-the-art experiments and numerical simulations
on turbulent velocity statistics along particle trajectories obtained in different flows with Reynolds
numbers in the range R! 2 !120:740". Lagrangian structure functions from all data sets are found to
collapse onto each other on a wide range of time lags, pointing towards the existence of a universal
behavior, within present statistical convergence, and calling for a unified theoretical description. Parisi-
Frisch multifractal theory, suitably extended to the dissipative scales and to the Lagrangian domain, is
found to capture the intermittency of velocity statistics over the whole three decades of temporal scales
investigated here.

DOI: 10.1103/PhysRevLett.100.254504 PACS numbers: 47.27.#i

Understanding the statistical properties of particle trac-
ers advected by turbulent flows is a challenging theoretical
and experimental problem [1,2]. It is a key ingredient for
the development of stochastic models [3,4], in such diverse
contexts as turbulent combustion, industrial mixing, pol-
lutant dispersion, and cloud formation [5]. The main diffi-
culty of Lagrangian investigations, following particle
trajectories, stems from the necessity to resolve the wide
range of time scales driving different particle behaviors:
from the longest TL, given by the stirring mechanism, to
the shortest "#, typical of viscous dissipation. Indeed the
ratio TL="# $ R! grows with the Taylor Reynolds number
R! that varies up to few thousands in laboratory flows.
Some aspects of Lagrangian statistics have been experi-
mentally measured: particle accelerations [2], velocity
fluctuations in the inertial range [6,7], and two-particle
dispersion [8,9]. Others, connected to the entire range of

motions, have long been restricted to numerical simula-
tions [10–14]. A fundamental open question is connected
to intermittency, i.e., the observed strong deviations from
Gaussian statistics, becoming larger and larger when con-
sidering fluctuations at smaller and smaller scales. Addi-
tionally, the dependency of velocity statistics at various
temporal scales on large scale forcing and boundary con-
ditions is the so-called problem of universality. Thus,
universality features are linked to the degree of anisotropy
and nonhomogeneities of turbulent statistics [15]. Similar
problems have already been explored measuring the veloc-
ity fluctuations in the laboratory frame (Eulerian statistics),
where clear evidence of universality has been obtained
[16]. To build a general theory of turbulent statistics,
universality is the first requirement and, if proved, may
open the possibility for effective stochastic modeling [17]
in many applied situations. This Letter is aimed at inves-
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tigating intermittency and universality properties of veloc-
ity temporal fluctuations by quantitatively comparing data
obtained from the most advanced laboratory [6–8] and
numerical [10–13,18] experiments. The main outcomes
of our analysis are twofold. First, we show that data
collapse on a common functional form, providing evidence
for universality of velocity fluctuations—up to moments
currently achievable with high statistical accuracy. At in-
termediate and inertial scales, data show an intermittent
behavior. Second, we propose a stochastic phenomenologi-
cal modelization in the entire range of scales, using a
multifractal description linking Eulerian and Lagrangian
statistics.

We analyze the probability distribution of velocity fluc-
tuations at all scales, focusing on moments of these dis-
tributions, namely the Lagrangian velocity structure
functions (LVSF) of positive integer order p:

 S!p"i !!" # h$vi!t% !" & vi!t"'pi # h!"!vi"pi; (1)

where i # x; y; z are the velocity components along a
single particle path, and the average is defined over the
ensemble of trajectories. As stationarity and homogeneity
are assumed, moments of velocity increments only depend
on the time lag !. In the inertial range, for !# ( !( TL,
nonlinear energy transfer governs the dynamics. Thus,
from a dimensional viewpoint, only the scale ! and the
average energy dissipation rate for unit mass $ should
matter for the structure function behavior. The only admis-
sible choice is S!p"i !!" ) !$!"p=2, but it does not take into
account the fluctuating nature of energy dissipation.
Empirical studies have indeed shown that the tails of the
probability density functions of "!v become increasingly
non-Gaussian at decreasing !=TL. In terms of moments of
the velocity fluctuations, intermittency reveals itself in the
anomalous scaling exponents, i.e., a breakdown of the
dimensional law for which we have that

 S!p"i !!" ) !%!p"; (2)

with %!p" ! p=2. Notice that when dissipative effects
dominate, typically for scales !) !# and smaller, the
power-law behavior (2) is no longer valid, and refined
arguments have to be employed, as we will see in the
following.

The statistics of velocity fluctuations at varying time lag
! can be quantitatively captured by the logarithmic deriva-
tives of S!p"i !!" versus S!2"i !!" [19–21]. This defines the
local scaling exponents

 &i!p; !" #
d logS!p"i !!"
d logS!2"i !!"

: (3)

For statistically isotropic turbulence, all components are

equivalent, so that their spread quantifies the degree of
anisotropy present in the flow. The ! dependence of
&i!p; !" allows for a scale-by-scale characterization of
intermittency.

Figure 1 shows the local exponents of order p # 4 from
a collection of eight data sets, see Tables I and II, for
different Reynolds numbers. Most of these data sets are
new as is the analysis performed here. We focused on the
fourth order moment, since it is the highest order achiev-
able with statistical convergence for all data sets. Two
observations can be done. First, all data sets show a similar
strong variation around the dissipative time !=!# )O!1"
that depends on the Reynolds number, and then a clear
tendency toward a plateau for larger lags !> 10!#.
Second, all data sets, with comparable Reynolds numbers,
agree well in the whole range of time lags. The relative
scatter increases only for large !, due to the combined
effects of the lack of statistics, the anisotropy of the flows,
and the different values of R'. In particular, finite volume
effects in experimental particle tracking can produce a
small—but systematic—downward shift of the points at
long-lag times [21,22]. It is worth noticing that error bars
estimated from anisotropic contributions decrease by
going to small !, indicating that isotropy tends to be
recovered at sufficiently small scales; i.e., large scale an-
isotropic contributions become less and less important. In
addition, the fact that, at comparable Reynolds numbers,
all data sets recover the same behavior by going to smaller
and smaller time lags provides a clear indication of
Lagrangian universality of the energy cascade. Such an
agreement has not been observed before and is comparable
with that found for the corresponding Eulerian quantities
[16].

The quality of data shown in Fig. 1 opens the possibility
of quantitatively testing phenomenological models for
LVSF, scale-by-scale. The Parisi-Frisch multifractal (MF)
model of the inertial range [23], and its generalization to
the dissipative range [24–27], has proved to give a satis-
factory description of Eulerian and Lagrangian fluctuations
[14,28–30]. It is thus appealing to search for a link be-
tween Eulerian and Lagrangian statistics [14,28–30], since
this points to a unique interpretation of turbulent fluctua-
tions. Moreover, it would reduce the number of free pa-
rameters. According to the MF model, Eulerian velocity
increments at inertial scales are characterized by a local
Hölder exponent h, i.e., "ru) rh, whose probability
P !h" ) r3&D!h" is weighted by the Eulerian fractal dimen-
sion D!h" of the set where h is observed [23]. The dimen-
sional relation !) r="ru bridges Lagrangian fluctuations
over a time lag ! to the Eulerian ones at scale r. Following
Refs. [27,28], it is shown in Ref. [30] how to extend the MF
framework to get a unified description at all time scales for
Lagrangian turbulence. Accordingly, Lagrangian incre-
ments display a continuous and differentiable behavior at
the transition from the dissipative to the inertial range,
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Lagrangian SF  are measured on single components, i.e.  , so it is unclear whether  
they are linked to longitudinal or transverse increments 

these in principle should scale the same but for not too large Re they seem to scale a bit differently
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Test of MF in the Lagrangian frame (Shell model)
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MF based on D(h) from Eulerian SF

Exponent estimated from 
Lagrangian SF

Lagrangian statistics and temporal intermittency in a shell model of turbulence

G. Boffetta, F. De Lillo, and S. Musacchio
Dipartimento di Fisica Generale and INFM, Università di Torino, Via Pietro Giuria 1, 10125 Torino, Italy

and CNR-ISAC–Sezione di Torino, Corso Fiume 4, 10133 Torino, Italy
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We study the statistics of single-particle Lagrangian velocity in a shell model of turbulence. We show that
the small-scale velocity fluctuations are intermittent, with scaling exponents connected to the Eulerian structure
function scaling exponents. The observed reduced scaling range is interpreted as a manifestation of the inter-
mediate dissipative range, as it disappears in a Gaussian model of turbulence.

DOI: 10.1103/PhysRevE.66.066307 PACS number!s": 47.27.Gs, 47.27.Qb

In recent years there has been a great improvement in the
laboratory experimental investigation of turbulence from a
Lagrangian point of view #1–4$. In the Lagrangian approach,
the flow is described by the !Lagrangian" velocity v(x0 ,t) of
a fluid particle initially at position x(0)!x0. This is the natu-
ral description for studying transport and mixing of neutrally
advected substances in turbulent flows.
One of the simplest statistical quantities one can be inter-

ested in is single-particle velocity increments %v(t)!v(t)
"v(0) !where, assuming statistical homogeneity, we have
dropped the dependence on x0) for which dimensional analy-
sis in fully developed turbulence predicts #5,6$

&%v i! t "%v j! t "'!C0(t% i j , !1"

where ( is the mean energy dissipation and C0 is a numerical
constant. The remarkable coincidence that the variance of
%v(t) grows linearly with time is the physical basis on
which stochastic models of particle dispersion are based. It is
important to recall that the ‘‘diffusive’’ nature of Eq. !1" is
purely incidental: it is a direct consequence of Kolmogorov
scaling in the inertial range of turbulence and is not directly
related to a diffusive process. Let us recall briefly the argu-
ment leading to the scaling in Eq. !1". We can think of the
velocity v(t) advecting the Lagrangian trajectory as the su-
perposition of the different velocity contributions coming
from turbulent eddies !which also move with the same ve-
locity of the Lagrangian trajectory". After a time t the com-
ponents associated with the smaller !and faster" eddies, be-
low a certain scale ! , are decorrelated and thus at the leading
order one has %v(t)!%v(!). Within Kolmogorov scaling,
the velocity fluctuation at scale ! is given by %v(!)
)V(!/L)1/3, where V represents the typical velocity at the
largest scale L. The correlation time of %v(!) scales as
*(!))*0(!/L)2/3 and thus one obtains the scaling in Eq. !1"
with (!V2/*0.
This argument shows that the linear scaling in Eq. !1" is

the result of the combination of the Kolmogorov scaling for
velocity fluctuations and eddy turnover time in physical
space, as seen by a Lagrangian tracer. From a numerical
point of view, the observation of Eq. !1" is more delicate than
standard Eulerian structure functions, as it requires the cor-
rect resolution of the sweeping effect on the Lagrangian tra-
jectories. Of course, this can be done in direct numerical

simulations !but at moderate Reynolds numbers" #7$ and, as
we will see, in a Lagrangian version of the shell model of
turbulence.
Equation !1" can be generalized to higher-order moments

with the introduction of a set of temporal scaling exponents
+(p),

&%v! t "p')Vp! t/*0"+(p). !2"

The dimensional estimation sketched above gives the predic-
tion +(p)!p/2 but one might expect corrections to dimen-
sional scaling in the presence of intermittency.
A generalization of Eq. !1" which takes into account in-

termittency corrections can be easily developed by extending
the previous argument within the multifractal model of tur-
bulence #8,9$. The dimensional argument is repeated for the
local scaling exponent h, giving %v(t))V(t/*0)h/(1"h). In-
tegrating over the h distribution one ends with

&%v! t "p')Vp" dh# t*0$
[ph"D(h)#3]/(1"h)

. !3"

In the limit t/*0→0, the integral can be estimated by a steep-
est descent argument giving the prediction

+!p "!min
h

%ph"D!h "#3
1"h & . !4"

The fractal dimension D(h) is related to the Eulerian struc-
ture function scaling exponents ,(q) by the Legendre trans-
form #9$ ,(q)!minh#qh"D(h)#3$. The standard inequality
in the multifractal model #following from the exact result
,(3)!1], D(h)-3h#2, implies for Eq. !4" that even in
presence of intermittency +(2)!1. This is a direct conse-
quence of the fact that energy dissipation enters into Eq. !1"
at the first power. Our expression for scaling exponents !4"
recovers in a more compact form the prediction obtained on
the basis of an ‘‘ergodic hypothesis’’ of the statistics of en-
ergy dissipation #10$.
Recent experimental results #4$ have shown that indeed

Lagrangian velocity fluctuations are intermittent and display
anomalous scaling exponents, as predicted by the above ar-
gument. Despite the relative high Reynolds number of the
experiments, a true temporal scaling range is not observed.

PHYSICAL REVIEW E 66, 066307 !2002"
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Acceleration statistics

La Porta, Voth, Crawford,  Alexander, Bodenschatz, Nature (2001)
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A = v̇(t) = �rp(X(t), t) + ⌫�u(X(t), t) + F (X(t), t) Acceleration statistics is extremely intermittent 
Extreme events seem to be associated to 

trapping in vortices



Acceleration statistics
What to expect on dimensional ground  (K41)

or equivalently  (assuming only  and  matters)ϵ ν
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yQ"y $dy , "10$

where Q(r)!!4Bi j ,kl /!ri!r j!rk!rl . Various authors have
used a quasi-normality assumption for B and an interpolation
formula between the dissipation and inertial sub-ranges to
evaluate the integral in "10$, and therefore, effectively to
evaluate the asymptotic value of the acceleration variance in
the large Reynolds number limit. By adding an upper cutoff
to the integral in "10$, the leading order correction in Rey-
nolds number can also be obtained, giving28

&Ai
2'( ! " !"p/#$

!xi
# 2$ !

&)'3/2

*1/2
"+", Re-

#1$#1. "11$

For example, Batchelor7 obtained +!3.9, and a calculation
using his interpolation formula gives ,!#31. The value of +
is only slightly dependent on the details of the interpolation
but , is more sensitive. This result, particularly the constant
value in the large Reynolds number limit, has been
queried13,14 on the grounds that the quasi-normal assumption
is not a good approximation.

Figure 1 shows results for a0 from DNS13,15 and labora-
tory measurements4,6 for Re- out to 1000 for the laboratory
data and to 500 for the DNS. As noted above, the results
from Vedula and Yeung13 have been supplemented by new
data at Re-!420, for which a0!4.06. Clearly there is some
inconsistency between the laboratory data and the two sets of
DNS results, and the DNS results of Gotoh and Fukayama14
tend to be systematically slightly lower than those of Vedula
and Yeung13 at larger Reynolds numbers.

The solid line in Fig. 1 is the function

a0!5/"1"110 Re-
#1$, "12$

which is an excellent fit to the DNS results. It is of the form
"11$ at large Reynolds number and also satisfies the low
Reynolds number limit a0.Re- derived by Batchelor.7

Turning now to the laboratory data, there is an obvious
lack of isotropy at lower Reynolds numbers, and the experi-

mental uncertainty reflects the difficulty in carrying out such
measurements. Nevertheless, the axial component is repre-
sented well by the function a0!6.5(1"134 Re-

#1)#1, which
is 30% higher than the DNS results at large Reynolds num-
ber. Considering that there is an additional overall uncer-
tainty of 15% in these laboratory data due to the uncertainty
in estimating the energy dissipation rate, the agreement with
the DNS is good. It is clear from both the laboratory and
DNS results that the behavior a0.Re-

1/2 suggested by some
authors13,14 only holds over a limited range of Reynolds
number.

Corrections to "11$ and "12$ due to intermittency are
weak. Borgas29 "see also Nelkin30$ extended the multifractal
representation of intermittency to point-wise moments using
a scaling function q̃ , and showed that the acceleration vari-
ance behaves like

&Ai
2'.&)3/2'*#1/2!&)'3/2*#1/2 Re#3/3/2# q̃"3/2$0

!&)'3/2*#1/2 Re-
0.135 , "13$

where we have used the result based on the so-called
p-model31 that q̃(3/2)!1.522.

An alternative derivation using "10$ with an interpola-
tion between the dissipation range and inertial sub-range
forms of the fourth-order structure function, paralleling that
for the nonintermittent case, has been advanced recently by
Hill.10

Hill used experimental data for the fourth-order structure
function within the dissipation sub-range and the inertial
sub-range and obtained &Ai

2'.&)'3/2*#1/2 Re-
0.25 , which has

an exponent almost twice as large as that in "13$. In arriving
at this result, Hill used data32 for the quantity F
!&(!u1 /!x1)4'/&(!u1 /!x1)2'2, which show that F
.Re-

0.31 , which is roughly consistent with the result F
.Re-

#3/2#q̃(2)0.Re-
0.35 of Borgas’s pointwise multifractal

theory. Hill also used experimental data within the inertial
sub-range33 for the Reynolds-number dependence of the
quantity F(-)!D1111(-)//D11(-)02, where D11(r) and
D1111(r) are second- and fourth-order velocity structure
functions and - is the Taylor length scale, inferring that
F(-).Re-

1.Re-
0.25 . However, according to the multifractal

model, F(-).Re-
#1/3(D4/3#1)#2/3(D2/3#1).Re-

0.105 , where we
have again used values D4/3!0.846 and D2/3!0.919 corre-
sponding to the p-model. If we use this value in Hill’s theory,
we obtain

&Ai
2'.Re-

0.139 , "14$

which is much closer to the estimate "13$ from Borgas’s
theory.

In an attempt to resolve the apparent discrepancy be-
tween the multifractal model and the data for F(-), let us
revisit the data of Antonia et al.33 We applied a linear fit
directly to the data for the fourth-order structure function
shown in their Fig. 11. The line of best fit corresponds to
F(-).Re-

0.158 (r2!0.8) so there is about a 15% chance that
the exponent is 0.105 or lower. There is also about a 15%
chance that it is 0.201 or larger, but only about a 5% chance
that it is as large as Hill’s estimate of 0.25. We conclude that
there is considerable uncertainty in the value of the exponent

FIG. 1. a0!
1
3&Ai

2'/(&)'3/2*#1/2) as a function of Taylor-scale Reynolds
number. Symbols are: DNS data, Gotoh and Fukayama "!$, Vedula and
Yeung "!$; laboratory data with error bars, axial ""$, transverse "#$. Lines
are: 5/(1"110/Re-) " $, 1.9 Re-

0.135/(1"85/Re-
1.135) " $,

0.85 Re-
0.25 "• • • •$.
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There are clear deviations from the dimensional prediction 
can we rationalize theem within the MF model?
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FIG. 2. (a) Moment of the acceleration, h|a|pi defined in (2) vs ⌫�1 for di↵erent p, the dashed line represent the best fits.
Notice that when varying ⌫, we keep unchanged the large scales so that Re ⇠ ⌫�1 up to a multiplicative constant. (b) Symbols
show the fitted exponents ↵̂p (triangles) ruling the behavior of acceleration moments, h|a|pi ⇠ Re↵̂p , obtained in the shell model
together with the multifractal prediction obtained using Eq. (15) with the log-Poisson model (7) (solid curve). Inset: example
of the typical time evolution of the Lagrangian acceleration normalized by its standard deviation obtained from our numerical
simulations with ⌫ = 10�8. In both panels, error bars are within the symbols if not visible.

Equations (6) and (10) show that the same function D(h) can explain the two sets of anomalous scaling exponents
⇣(p) and ⇠(p) consistent with the available laboratory and numerical data in HIT [13, 15, 27, 31]. Similarly, in the shell
model the Lagrangian structure functions defined using the velocity in Eq. (2) have been shown to display anomalous

scaling, h|�⌧v|pi ⇠ ⌧ ⇠̂(p), with the exponents well captured by the multifractal model [14].
In Fig. 1(a), we show the kurtosis, h|�⌧v|4i/h|�⌧v|2i2, as a function of the time lag ⌧ for di↵erent values of the

Reynolds number (viz. of the viscosity), demonstrating the strong deviations from Gaussianity due to intermittency
and how they increase at decreasing the viscosity. In Fig. 1(b), using ideas from extended self-similarity [32], we show
the local slopes d ln(h|�⌧v|4i)/d ln(h|�⌧v|2i) vs ⌧ . Similarly to DNS and experimental data [15], around the Kolmogorov
time, we observe a dip, which is usually interpreted as the e↵ect of vortices (see, e.g., [33]). However, in this case, a
well-defined dip is observed even if vortices are absent in the shell model. Moreover, the scaling behavior predicted by
the multifractal model (horizontal line) is slowly recovered. The presence of the dip around ⌧K was captured in [15]
by using the multifractal model with a supplemental model for the crossover between dissipative and inertial time
scale [34]. This crossover is model-dependent (i.e., it depends on whether we are working with the Navier-Stokes
equations or the shell model), and we did not attempt to reproduce it for the shell model. However, the above
observations are consistent with the fact that the dip originates in the multifractal character of the fluctuations. This
observation was indeed first made in [14], where it was shown that the long crossover disappears when considering a
non-intermittent version of the shell model (see Fig. 2 and Fig. 5 and the corresponding discussion in Ref. [14]). It is
also worthwhile to remark that machine learning trained on Lagrangian velocity as defined in (2) has been successfully
applied in predicting and classifying Lagrangian turbulence obtained by DNS data [35].

Multifractal model for the acceleration. We now turn to the main focus of this Letter, namely the Lagrangian
acceleration aL ⌘ dvL/dt. This quantity displays strong intermittent fluctuations with a long tail in its probability
distribution function (PDF) P (aL). In fact, upon defining �2

a = ha2Li, extreme events up to several tens of �a are
usually observed in the time behavior of aL [16, 18]. These extreme events in aL are typically associated with
Lagrangian particles which, along their trajectories, experience the e↵ect of vortex filaments or vortex tubes [16, 17].
Using the multifractal theory, one can obtain a prediction for the dependence on the Reynolds number Re for both the
acceleration moments, hapLi, and the acceleration PDF, P (aL). Indeed, we can estimate the Lagrangian acceleration
aL as

aL ⇠ �⌧KvL
⌧K

⇠ (�⌘Kv)2

⌘K
⇠ U2

0 ⌘
2h�1
K , (11)

where the second relation is obtained using (8) that links Lagrangian and Eulerian quantities within the multifractal
model, and the third using (4). Then, we observe that, as first suggested by Frisch and Vergassola [21], within the
multifractal framework, the Kolmogorov scale ⌘K fluctuates as

⌘K(h) ⇠
✓
⌫Lh

U0

◆ 1
(1+h)

(12)

2

question. Clearly, this cannot be addressed using the Navier-Stokes equations since vortex filaments are always present
in HIT. Thus, here, we consider shell model of turbulence for modeling also single-particle Lagrangian dynamics [14],
where by construction no well-defined structures such as vortex filaments do occur.

Shell model for Lagrangian dynamics. Shell models [24, 25] are dynamical systems constructed to mimic the basic
phenomenology of the turbulent energy cascade on a discrete set of scales (or Fourier modes), `n = k�1

n = 2�n

(n = 0, . . . , N), such that for each scale `n the velocity fluctuation is represented by a single complex variable un.
The geometrical progression of scales and the limited number of variables allow shell models to reach high Reynolds
numbers currently unattainable in DNS. In particular, we consider the Sabra model [26], where the complex velocities
evolve according to the dynamics

u̇n = ikn(un+2u
⇤
n+1 �

1

4
un+1u

⇤
n�1 +

1

8
un�1un�2)� ⌫k2nun + fn , (1)

where the ⇤ denotes complex conjugation. Equation (1) resembles the Navier-Stokes equation in Fourier space with the
nonlinear term restricted to locally interacting shells. The forcing term fn, acting at large scales, injects energy at a
rate ✏ = h

P
n <{fnu⇤

n}i, while the viscous term (�⌫k2nun) removes it at small scales. In this Letter, we considered two
di↵erent kinds of forcings: a random Gaussian acting on the first shell, obtained by evolving a Langevin equation so as
to have a finite correlation time, and a forcing with constant power input, acting on the first two shells. Numerically,
we found the same quantitative results for both Eulerian and Lagrangian intermittency.

Shell models were originally introduced to mimic the Eulerian properties of turbulent flows. Following [14], we
employ them to model the Lagrangian velocity and acceleration along a fluid particle as the sum of the real part of
velocity and acceleration fluctuations, respectively, at all shells, i.e.,

v(t) ⌘
NX

n=1

<{un} , a(t) ⌘ v̇(t) ⌘
NX

n=1

<{u̇n} , (2)

the inset of Fig. 1(a) and Fig. 2(b) show an example of the time evolution of v and a, respectively, obtained with
above summation. Indeed, the Lagrangian velocity can be represented as the superposition of velocity fluctuations
generated by turbulent eddies, which also move with the advected tracers. As originally shown in [14], one may obtain
more general representations by multiplying the shell-model variables by suitably chosen wavelet functions. However,
in the shell model, this superposition is most simply realized by the summation in Eq. (2). At any rate, v(t) as defined
by Eq. (2) exhibits multifractal scaling in time, as first shown in [14]. Remarkably, both the Eulerian and Lagrangian
velocity statistics of shell models are well captured by the multifractal model [14], whose basic ideas are summarized
in the following.

Multifractal model for Eulerian velocity statistics. A straightforward way to detect intermittency in HIT is to
consider the statistical properties of the longitudinal velocity di↵erence �rv = [~v(~x+~r)�~v(~x)] ·~r/|~r|. The moments of
�rv define the structure functions Sp(r) ⌘ h�rvpi. There is strong numerical and experimental evidence [3] (see also
the review [27]) that in HIT, at large Re, Sp(r) exhibit anomalous scaling, i.e.,

Sp(r) ⇠ r⇣(p) (3)

with ⇣(p) deviating from K41 prediction, p/3, and being a nonlinear convex function of p with the constraint ⇣(3) = 1
as imposed by one of the few exact results in HIT, namely the Kolmogorov 4/5 law [2]. The scaling (3) is observed
within the inertial range, ⌘K ⌧ r ⌧ L0, comprised between the Kolmogorov scale, ⌘K ⌘ (⌫3/✏)1/4 (⌫ being the
viscosity and ✏ the mean rate of energy dissipation) and the large scale L0 of the flow, in HIT coinciding with the
forcing scale. The basic idea of the multifractal theory is to assume that, in the inertial range [2, 12],

�rv = U0
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(U0 denoting the typical velocity at the scale of energy injection L0) which is consistent with the invariance of the
Euler equation under the transformation r ! �r, v ! �hv and t ! �1�ht. The K41 theory is a particular instance
of (4) with h = 1/3, consistent with ⇣(3) = 1. In the multifractal theory, positive values of h  1 are allowed with
probability
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The statistical properties of velocity and acceleration fields along the trajectories of fluid particles
transported by a fully developed turbulent flow are investigated by means of high resolution direct
numerical simulations. We present results for Lagrangian velocity structure functions, the acceleration
probability density function, and the acceleration variance conditioned on the instantaneous velocity.
These are compared with predictions of the multifractal formalism, and its merits and limitations are
discussed.

DOI: 10.1103/PhysRevLett.93.064502 PACS numbers: 47.27.–i, 47.10.+g

Understanding the Lagrangian statistics of particles
advected by a turbulent velocity field, u!x; t", is important
both for its theoretical implications [1] and for applica-
tions, such as the development of phenomenological and
stochastic models for turbulent mixing [2]. Recently,
several authors have attempted to describe Lagrangian
statistics such as acceleration by constructing models
based on equilibrium statistics (see, e.g., [3–5], critically
reviewed in [6]). In this Letter we show how the multi-
fractal formalism offers an alternative approach which is
rooted in the phenomenology of turbulence. Here, we
propose a derivation of the Lagrangian statistics directly
from the Eulerian statistics.

In order to obtain an accurate description of the par-
ticle statistics it is necessary to measure the positions,
X!t", and velocities, v!t" # _X!t" $ u!X!t"; t", of the par-
ticles with very high resolution, ranging from fractions of
the Kolmogorov time scale, !", to multiples of the
Lagrangian integral time scale, TL. The ratio of these
time scales, TL=!", gives an estimate of the microscale
Reynolds number, R#, which may easily reach values of
order 103 in laboratory experiments. Despite recent ad-
vances in experimental techniques for measuring
Lagrangian turbulent statistics [7–9], direct numerical
simulations (DNS) still offer higher accuracy albeit at a
slightly lower Reynolds number [10–13]. In this Letter
we are concerned with single particle statistics, that is,
the statistics of velocity and acceleration fluctuations
along individual particle trajectories. Here, we analyze
Lagrangian data obtained from a recent DNS of homoge-
neous isotropic turbulence [14] which was performed on
5123 and 10243 cubic lattices with Reynolds numbers up
to R# % 280. The Navier-Stokes equations were inte-
grated using fully dealiased pseudospectral methods for
a total time T & TL. The flow was forced by keeping the

total energy constant in the first two wave number shells
(for more details, see [14]). Approximately 2' 106

Lagrangian particles (passive tracers) were released into
the flow once a statistically stationary velocity field had
been obtained. The positions and velocities of the par-
ticles were stored at a sampling rate of 0:07!". The
Lagrangian velocity was calculated using linear interpo-
lation. Acceleration was calculated both by following the
particle and by direct computation from all three forces
acting on the particle —the pressure gradients, viscous
forces, and the large scale forcing. The two measurements
were found to be in very good agreement. The Lagrangian
statistics were calculated by averaging over all particle
trajectories and over all time.

It is well known that Lagrangian velocity increments,
$!v $ v!t( !" ) v!t", are quasi-Gaussian for time lags
! of order TL but become increasingly intermittent at
higher frequencies [8]. The resulting acceleration statis-
tics exhibit some of the most extreme fluctuations of any
known quantity, with accelerations, a!t", up to 80 times
its root mean square value, arms, possible [7]. The most
natural way to quantify such phenomena is via probabil-
ity density functions (PDFs) of the Lagrangian velocity
increment, P !$!v", and acceleration, P !a". The fre-
quency of extreme events is reflected in the size of the
tails of the PDFs and thus in the high order moments.
These can be analyzed with the aid of Lagrangian veloc-
ity structure functions Sp!!" $ h!$!v"pi, where $!v char-
acterizes the magnitude of a component of the velocity
increment. Since the flow here is isotropic the choice of
component is immaterial.

It has long been recognized that Eulerian velocity fluc-
tuations in the inertial subrange exhibit anomalous scal-
ing: h!$ru"pi # h!u!x( r" ) u!x""pi% r%E!p" [15], where
r is the spatial separation. On the basis of simple phe-
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FIG. 3. Log-linear plot of the acceleration PDFs normalized with the standard deviation �a of the acceleration for four di↵erent
values of the viscosity ⌫ = {10�5, 10�6, 10�7, 10�8}, as indicated by the legend. Symbols represent the probability distributions
obtained from our numerical simulations, while the corresponding dashed lines of matching color indicate the multifractal
prediction.

as obtained from Eq. (4) and defining ⌘K with the requirement (�v(⌘K(h))⌘K(h))/⌫ ⇠ 1. Then, using (4) with r = ⌘K
in (11) and (12), recalling that Re = U0L0/⌫, we end up with
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where the last relation is obtained using (12). Now, from Eqs. (13) and (14) we get
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which, using the log-Poisson model (7), yields a prediction for ↵p in excellent agreement with the numerically computed
moments within the shell model, as shown in Fig. 2.

We now move to the multifractal prediction for the probability density function of the acceleration, P (aL). We first
notice that Eq. (11) can be used to express ⌘K in terms of aL. Then combining the expressions (11),(13), and (14)
yields [18]
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The above equation is derived upon assuming U0 in Eq. (4) to be a Gaussian variable with zero mean and standard
deviation �, an extremely good approximation for HIT. While this assumption is not necessary to predict the scaling
of the moments, it is essential for modeling the functional form of the PDF.

Following [18], to compare the prediction with numerical data, we can further simplify Eq. (16) by introducing the
normalized acceleration ã = a/�a and rewrite it directly for ã as
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where ↵2 is the exponent of the second moment of the acceleration as defined in (15). In the above expression,
we used that � ⇠ U0, i.e., the root mean square velocity is an estimate of the large-scale velocity. The above
formula is pleasant as it depends only on one parameter Re. Then, using (7) for the D(h), one can numerically
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prediction (4) is observed, namely, !L!4"=!L!2" # 1:71;
!L!6"=!L!2" # 2:16; !L!8"=!L!2" # 2:72.

Similar phenomenological arguments can be used to
derive predictions for the acceleration statistics. The ac-
celeration at the smallest scales is defined by

a $
"#$v

#$
: (5)

As the Kolmogorov scale, $, fluctuates in the multifractal
formalism [15], $!h; v0" % !%Lh

0=v0"1=!1&h"; so does the
Kolmogorov time scale, #$!h; v0". Using (3) and (5)
evaluated at $, we get, for a given h and v0,

a!h; v0" % %!2h'1"=!1&h"v3=!1&h"
0 L'3h=!1&h"

0 : (6)

The PDF of the acceleration can be derived by integrating
(6) over all h and v0, weighted with their respective
probabilities, (#$!h; v0"=TL!v0")(3'D!h")=!1'h" and P !v0".
The large scale velocity PDF is reasonably approximated
by a Gaussian [15]: P !v0" # exp!'v2
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2
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v
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v # hv2
0i. Integration over v0 gives
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From (7) we can derive the Reynolds number depen-
dence of the acceleration moments [20,25]. For example,
in the limit of large R( the second order moment is given
by ha2i / R)

( , where ) # suphf2(D!h" ' 4h' 1)=!1&
h"g. Thus, we find that ) # 1:14, which differs slightly
from the K41 scaling, )K41 # 1 (see [25–27] for a dis-
cussion on departures from K41 scalings in the context of
acceleration statistics). In order to compare the DNS data
with the multifractal prediction we normalize the accel-
eration by the rms acceleration, &a # ha2i1=2. In terms of
the dimensionless acceleration, ~a # a=&a, (7) becomes

P !~a"%
Z

h2I
~a(h'5&D!h")=3Ry!h"

( exp
"

'1

2
~a2!1&h"=3Rz!h"

(

#

dh;
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where y!h" # )(h' 5&D!h")=6& 2(2D!h" & 2h'
7)=3 and z!h" # )!1& h"=3& 4!2h' 1"=3. We note
that (8) may show an unphysical divergence for a + 0
for many multifractal models of D!h". For example, with
D!h" given by (2) we cannot normalize P !a" for h <
hc + 0:16. This shortcoming is unimportant for two
reasons. First, as already stated, the multifractal formal-
ism cannot be trusted for small velocity and acceleration
increments because it is based on arguments valid only to
within a constant of order 1. Thus, it is not suited for
predicting precise functional forms for the core of the
PDF. Second, values of h & hc correspond to very intense
velocity fluctuations which have never been accurately

tested in experiments or by DNS. The precise functional
form of D!h" for those values of h is therefore unknown.
Thus, we restrict h to be in the range hc < h , hmax. For
hmax we take the value of h which satisfies D0!h" # 0; that
is, hmax + 0:38.Values of h > hmax affect only the peak of
the velocity distribution which we have already excluded
from our discussion. We also restrict j~aj to lie in the range
(~amin;1" with ~amin # O!1".

In Fig. 2 we compare the acceleration PDF computed
from the DNS data with the multifractal prediction (8).
The large number of Lagrangian particles used in the
DNS (see [14] for details) allows us to detect events up to
80&a. The accuracy of the statistics was improved by
averaging over all directions. Also shown in Fig. 2 is
the K41 prediction for the acceleration PDF PK41!~a" %
~a'5=9R'1=2

( exp!'~a8=9=2" which can be recovered from
(8) with h # 1=3, D!h" # 3, and )K41 # 1. As is evident
from Fig. 2, the multifractal prediction (8) captures the
shape of the acceleration PDF much better than the K41
prediction. What is remarkable is that (8) agrees with the
DNS data well into the tails of the distribution—from the
order of 1 standard deviation, &a, up to order 70&a. This
result is obtained with D!h" given by (2). We emphasize
that the only degree of freedom in our formulation of
P !~a" is the minimum value of the acceleration, ~amin, here
taken to be 1.5. In the inset of Fig. 2 we make a more
stringent test of the multifractal prediction (8) by plotting
~a4P !~a" and which is seen to agree well with the DNS data.

From (6) it is also possible to derive a prediction for the
acceleration moments conditioned on the local—instan-
taneous—velocity field v0: hanjv0i. Such quantities are
important in the construction of Lagrangian stochastic
models of turbulent diffusion [2]. For the conditional
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FIG. 2. Log-linear plot of the acceleration PDF. The crosses
are the DNS data, the solid line is the multifractal prediction,
and the dashed line is the K41 prediction. The DNS statistics
were calculated along the trajectories of 2:0* 106 particles
amounting to 1:06* 1010 events in total. The statistical un-
certainty in the PDF was quantified by assuming that fluc-
tuations grow like the square root of the number of events.
Inset: ~a4P !~a" for the DNS data (crosses) and the multifractal
prediction.
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FIG. 3. Log-linear plot of the acceleration PDFs normalized with the standard deviation �a of the acceleration for four di↵erent
values of the viscosity ⌫ = {10�5, 10�6, 10�7, 10�8}, as indicated by the legend. Symbols represent the probability distributions
obtained from our numerical simulations, while the corresponding dashed lines of matching color indicate the multifractal
prediction.
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which, using the log-Poisson model (7), yields a prediction for ↵p in excellent agreement with the numerically computed
moments within the shell model, as shown in Fig. 2.

We now move to the multifractal prediction for the probability density function of the acceleration, P (aL). We first
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The above equation is derived upon assuming U0 in Eq. (4) to be a Gaussian variable with zero mean and standard
deviation �, an extremely good approximation for HIT. While this assumption is not necessary to predict the scaling
of the moments, it is essential for modeling the functional form of the PDF.

Following [18], to compare the prediction with numerical data, we can further simplify Eq. (16) by introducing the
normalized acceleration ã = a/�a and rewrite it directly for ã as
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where ↵2 is the exponent of the second moment of the acceleration as defined in (15). In the above expression,
we used that � ⇠ U0, i.e., the root mean square velocity is an estimate of the large-scale velocity. The above
formula is pleasant as it depends only on one parameter Re. Then, using (7) for the D(h), one can numerically
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NB: even though acceleration “may seem” a dissipative range quantity 
the good agreement with the MF prediction shows that its statistics is 
inherited from the inertial range physics 
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Take home messages
Anomalous scaling and intermittency characterize the statistics of turbulent velocity field both  
in the spatial and temporal domain, for the latter the natural framework is the Lagrangian one 

The MF model, though  being a “phenomenological theory”, is able to rationalize both the 
Eulerian and Lagrangian points of view 

Temporal intermittency is somehow stronger than spatial intermittency and this can also be  
rationalized in terms of MF model and in particular with the intermediate dissipative range  
picture 

Shell models offer a laboratory to test many ideas allowing to reach very high Reynolds number 
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Fluid dynamics turbulence refers to the chaotic and unpredictable dynamics of flows.
Despite the fact that the equations governing the motion of fluids are known since
more than two centuries, a comprehensive theory of turbulence is still a challenge
for the scientific community. Rather recently a number of important breakthroughs
have clarified many relevant, fascinating, and largely unexpected, statistical features of
turbulent fluctuations. In these lectures, we discuss recent advances in the field with
the aim of highlighting the physical meaning and implication of these new ideas and
their role in contributing to disentangling different parts of our understanding of the
turbulence problem. The lectures aim at introducing non-experts to the subject and no
previous knowledge of the field is required.
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The statistical properties of turbulencediffer in an essentialway from
those of systems in or near thermal equilibriumbecause of the flux of
energy between vastly different scales at which energy is supplied
and atwhich it is dissipated.We elucidate this difference by studying
experimentally and numerically the fluctuations of the energy of
a small fluid particle moving in a turbulent fluid. We demonstrate
how the fundamental property of detailed balance is broken, so that
the probabilities of forward and backward transitions are not equal
for turbulence. In physical terms, we found that in a large set of flow
configurations, fluid elements decelerate faster than accelerate,
a feature known all too well from driving in dense traffic. The
statistical signature of rare “flight–crash” events, associatedwith fast
particledeceleration,providesawaytoquantify irreversibility ina tur-
bulent flow. Namely, we find that the third moment of the power
fluctuations along a trajectory, nondimensionalized by the energy
flux, displays a remarkable power law as a function of the Reynolds
number, both in two and in three spatial dimensions. This establishes
a relation between the irreversibility of the system and the range of
active scales. We speculate that the breakdown of the detailed bal-
ance characterized here is a general feature of other systems very far
from equilibrium, displaying a wide range of spatial scales.

nonequilibrium systems | turbulent mixing |
direct and inverse turbulent energy cascades |
nonequilibrium statistical mechanics | Lagrangian description

In systems at thermal equilibrium, the probabilities of forward
and backward transitions between any two states are equal,

a property known as “detailed balance.” This fundamental prop-
erty expresses time reversibility of equilibrium statistics (1). In
the important class of nonequilibrium problems, where the dy-
namics of the system is coupled with a heat bath, the notion of
detailed balance can be extended and fluctuation theorems
successfully describe the behavior (2, 3). This class contains many
experimental situations (4) where quantitative information on
irreversibility was obtained (3). When a system driven by thermal
noise is characterized by a probability current, the fluctuation–
dissipation theorem and detailed balance was found to apply in
a comoving reference frame (5).
In comparison, very little is known concerning the statistical

properties of a small part embedded in a fluctuating, turbulent
background. The fundamental notion of detailed balance is not
expected to apply in such systems. Here we ask, what does the
time irreversibility inherent to the large system imply for the
statistical properties of small parts in the system and how do we
measure the degree of irreversibility (6, 7) (or equivalently, how
far is the system away from equilibrium) by monitoring a small
part in the system? We focus here on fluid turbulence, a para-
digm for ultimate far-from-equilibrium states, where irrevers-
ibility of fluctuations is a fundamental property (8, 9). We show
that the simplest and most fundamental scalar quantity, namely,
the kinetic energy of a fluid particle, enables a clear identifica-
tion and quantification of the irreversibility of the turbulent flow.

The characteristic properties of turbulence rest on the vastly
different scales: from the scale lF , where the flow is forced and in-
ertia dominates, to the scale lD, where dissipation takes over. For
a balance between forcing and dissipation in a statistically steady
flow, energy is transferred through scales at an average rate «,
a phenomenon called “energy cascade.” In 3D flows, where lF ! lD
(9, 10), energy cascades from large to small scales. In contrast, en-
ergy transfers from small to large scales in 2D flows, where lF " lD
(11, 12). The energy flux is ultimately the source of statistical irre-
versibility. It is important to understand that the fluctuations in
turbulence are fundamentally different from those about thermal
equilibrium (8). The energy flux through scales, «, however, cannot
in itself be a measure of irreversibility in the system because « is
a dimensional quantity, so it can be made arbitrarily large by
changing the units even if the system is very close to equilibrium.
Moreover, it can be expressed as amoment of velocity differences at
a single time (10, 13) without any reference to the evolution of
the flow.
As we demonstrate below, the irreversibility induced by the

energy flux through spatial scales can be revealed and quantified
by following the change of the kinetic energy of small fluid ele-
ments (particles). The kinetic energy per unit mass of the fluid
is simply EðtÞ= ð1=2ÞV 2ðtÞ, where VðtÞ is the velocity of a given
fluid element. It should be stressed that detecting irreversibility
from the motion of a single particle requires going beyond ve-
locity structure functions, defined as the moments of velocity
differences along trajectories, VðtÞ−Vð0Þ, whose statistical prop-
erties are invariant under the t→ − t transformation (14).

Significance

Irreversibility is a fundamental aspect of the evolution of nat-
ural systems, and quantifying its manifestations is a challenge
in any attempt to describe nonequilibrium systems. In the case
of fluid turbulence, an emblematic example of a system very
far from equilibrium, we show that the motion of a single fluid
particle provides a clear manifestation of time irreversibility.
Namely, we observe that fluid particles tend to lose kinetic
energy faster than they gain it. This is best seen by the pres-
ence of rare “flight–crash” events, where fast moving particles
suddenly decelerate into a region where fluid motion is slow.
Remarkably, the statistical signature of these events estab-
lishes a quantitative relation between the degree of irrevers-
ibility and turbulence intensity.
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The recent advances in our ability to reliably measure the
trajectories of small tracer particles in well-controlled laboratory
flows (15–18), as well as to simulate accurately the motion of
particle tracers using the Navier–Stokes equation (16) allow us to
investigate these fundamental issues. In this work, we restrict
ourselves to statistically stationary and homogeneous flows. The
results shown here were obtained from a variety of flow config-
urations in 2D and 3D, including both laboratory experiments
and direct numerical simulations of the Navier–Stokes equa-
tions. The datasets contain a large number of trajectories, with at
least 108 data points in total, both in 2D and 3D (see Materials
and Methods and SI Text for details).

Results
“Flight–Crash” Events. The phenomenon discussed here is illus-
trated in Fig. 1A andB, which show the evolution ofEðtÞ along the
trajectory of a fluid particle in a 3D laboratory water flow (17, 18).
It illustrates that to build up large kinetic energy requires a longer
time than to dissipate the same amount. This points to the oc-
currence of flight–crash like events, whereby a particle flies with
a large velocity, before suddenly losing energy. This feature, which
we also observed in numerical simulation of turbulent flows, is
reminiscent of what occurs in very different systems, such as cars
in traffic (19) or even fluctuations of stock values (20).

Statistics of Energy Difference. The statistics of the energy incre-
ments, W ðτÞ=Eðt+ τÞ−EðtÞ, are sensitive to the flight-crash
events. We stress that the moments of W ðτÞ cannot be expressed
in terms of Lagrangian velocity structure functions, and notice
that the kinetic energy EðtÞ is not Galilean invariant, which we
further discuss in SI Text. The asymmetry revealed by Fig. 1 implies
that the distribution ofW ðτÞ is skewed: Odd moments are expected
to be negative for τ> 0. For stationary, homogeneous flows, the first
moment vanishes, hW ðτÞi= 0. The first nonvanishing odd moment,
−hW 3ðτÞi, measured from both experiments and numerical simu-
lations (18) of 3D turbulence is shown in Fig. 2A. In all these flows,
−hW 3ðτÞi grows as τ3 at short times, then slower at intermediate
times, and remains positive over the entire range of turbulence dy-
namical time scales. [Negative skewness of u2x ðtÞ− u2x ð0Þ, where ux is
one velocity component of a tracer particle in a 3D turbulence flow,

was also reported by Mordant (21).] Fig. 2B shows that the third
moment of W ðτÞ in 2D is similar to those in 3D (Fig. 2A), i.e., it is
independent of the difference in the direction of the energy flux in
2D and 3D. This demonstrates again that the energy flux « by itself is
not an appropriate measure of irreversibility and suggests the use of
the dimensionless rate of change of the kinetic energy instead. A
systematic statistical characterization of W ðτÞ can be formulated
from its probability distribution function (PDF). Fig. 2C shows the
PDF of W ðτÞ for several values of τ in the range τK ≤ τ≤T, where
τK and T are the characteristic times at the dissipation scale lD and
the forcing scale lF , respectively. The PDF of W ðτÞ, normalized by
its variance, exhibits wide tails, the more so as the value of τ is
smaller. This feature is possibly related to intermittency, a charac-
teristic phenomenon in turbulent fluids.
Could we understand the skewness of W ðτÞ in the framework

of fluctuation theorems that have been established theoretically
(22, 23), and verified experimentally (4)? For small systems in
contact with thermostats, fluctuation theorems state that the
probabilities of energy gaining and energy loss are related (2) by

ln
!
Pð−W Þ
PðW Þ

"
∝W ; [1]

which, at a first glance, is also suggested by the shape of the tails
of PDFs in Fig. 2C. Our measurements of ln½Pð−W Þ=PðW Þ$ at
different values of time-lag τ, shown in Fig. 2D, however, shows
a more complicated dependence onW than the simple linear law 1.
This suggests that fluctuation theorems do not apply directly to
tracer particles in turbulence. This we attribute to the properties
of the forces acting on fluid particles, which are very different from
the forces in usual thermodynamic systems (8).

Statistics of Power Fluctuations: Quantifying Detailed Balance Violations.
As we demonstrate that the results obtained in the general context
of stochastic thermodynamics do not apply to a small fluid element
carried by the fluid, the asymmetry observed for the distribution of
the energy differences along a trajectory (Fig. 2C) points to a more
fundamental aspect, namely the breakdown of time reversibility in
the system. In fact, as we show in the following, the third moment of
W ðτÞ allows us to quantify the irreversibility, and to relate it to the
range of scales in the system.
Let us consider the rate of change of the kinetic energy fol-

lowing a tracer particle, i.e., the power p= limτ→0½W ðτÞ=τ$=
dE=dt=V · a, with a= dV=dt being the fluid acceleration. At
thermal equilibrium, time reversibility is equivalent to detailed
balance in the sense that the probability of energy gain ðp> 0Þ is
the same as the probability of energy loss ðp< 0Þ for any particle
with any velocity. Asymmetric (skewed) PDFs of p, as shown in
Fig. 3 A and B, are therefore a signature that detailed balance is
violated. [We note that the statistics of the power p may be af-
fected by specific, nonuniversal aspects of the forcing, especially
in 2D, in which the external forcing acts at small scales and is
fast-changing (SI Text).] This violation can then be quantified by
odd moments of the fluctuations of p, which change sign when
reversing t→ − t, thus enabling to detect whether the movie of
turbulence is playing backwards or forwards (9). Similar to W ðτÞ,
the first moment of p vanishes for stationary and homogeneous
flows. The third moment, which can be measured reliably, is
sufficient to quantify the violation of detailed balance.
As already explained, a proper measure must be dimension-

less. A natural choice is the dimensionless power p=«, whose
third moment, Ir, defined as

Ir=−
#
p3
$%

«3; [2]

allows us to measure irreversibility. Fig. 3 C and D show that Ir
increases with the Reynolds number in both 2D and 3D, hence

BA

Fig. 1. Asymmetry of the statistics of energy differences. (A) The trajectory of
a fluid particle in a 3D laboratory flow at Rλ = 690. The color coding refers to the
instantaneous power pðtÞ=dE=dt = aðtÞ ·VðtÞ acting on the fluid particle,
showing that energy builds up slowly and dissipates quickly. The particle enters
the observation volume from above and leaves from below. The scale bar is
expressed in terms of the Kolmogorov scale η, which is the dissipation scale of
this flow, lD = η= 30  μm. (B) The evolution of the kinetic energy EðtÞ of the same
particle as a function of time, in units of the Kolmogorov time τK , the fastest
time scale of the flow, characterizing the dynamics at scale lD. B,Upper is for the
entire trajectory, while Lowermagnifies the period with strong energy change,
i.e., high power fluctuations (same color coding as inA). The particle experiences
higher values of negative p, compared with positive p, indicating that the par-
ticle loses kinetic energy more rapidly than gaining energy.

Xu et al. PNAS | May 27, 2014 | vol. 111 | no. 21 | 7559

PH
YS

IC
S

The recent advances in our ability to reliably measure the
trajectories of small tracer particles in well-controlled laboratory
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It illustrates that to build up large kinetic energy requires a longer
time than to dissipate the same amount. This points to the oc-
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reminiscent of what occurs in very different systems, such as cars
in traffic (19) or even fluctuations of stock values (20).
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events. We stress that the moments of W ðτÞ cannot be expressed
in terms of Lagrangian velocity structure functions, and notice
that the kinetic energy EðtÞ is not Galilean invariant, which we
further discuss in SI Text. The asymmetry revealed by Fig. 1 implies
that the distribution ofW ðτÞ is skewed: Odd moments are expected
to be negative for τ> 0. For stationary, homogeneous flows, the first
moment vanishes, hW ðτÞi= 0. The first nonvanishing odd moment,
−hW 3ðτÞi, measured from both experiments and numerical simu-
lations (18) of 3D turbulence is shown in Fig. 2A. In all these flows,
−hW 3ðτÞi grows as τ3 at short times, then slower at intermediate
times, and remains positive over the entire range of turbulence dy-
namical time scales. [Negative skewness of u2x ðtÞ− u2x ð0Þ, where ux is
one velocity component of a tracer particle in a 3D turbulence flow,

was also reported by Mordant (21).] Fig. 2B shows that the third
moment of W ðτÞ in 2D is similar to those in 3D (Fig. 2A), i.e., it is
independent of the difference in the direction of the energy flux in
2D and 3D. This demonstrates again that the energy flux « by itself is
not an appropriate measure of irreversibility and suggests the use of
the dimensionless rate of change of the kinetic energy instead. A
systematic statistical characterization of W ðτÞ can be formulated
from its probability distribution function (PDF). Fig. 2C shows the
PDF of W ðτÞ for several values of τ in the range τK ≤ τ≤T, where
τK and T are the characteristic times at the dissipation scale lD and
the forcing scale lF , respectively. The PDF of W ðτÞ, normalized by
its variance, exhibits wide tails, the more so as the value of τ is
smaller. This feature is possibly related to intermittency, a charac-
teristic phenomenon in turbulent fluids.
Could we understand the skewness of W ðτÞ in the framework

of fluctuation theorems that have been established theoretically
(22, 23), and verified experimentally (4)? For small systems in
contact with thermostats, fluctuation theorems state that the
probabilities of energy gaining and energy loss are related (2) by
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tracer particles in turbulence. This we attribute to the properties
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As already explained, a proper measure must be dimension-

less. A natural choice is the dimensionless power p=«, whose
third moment, Ir, defined as

Ir=−
#
p3
$%

«3; [2]

allows us to measure irreversibility. Fig. 3 C and D show that Ir
increases with the Reynolds number in both 2D and 3D, hence

BA

Fig. 1. Asymmetry of the statistics of energy differences. (A) The trajectory of
a fluid particle in a 3D laboratory flow at Rλ = 690. The color coding refers to the
instantaneous power pðtÞ=dE=dt = aðtÞ ·VðtÞ acting on the fluid particle,
showing that energy builds up slowly and dissipates quickly. The particle enters
the observation volume from above and leaves from below. The scale bar is
expressed in terms of the Kolmogorov scale η, which is the dissipation scale of
this flow, lD = η= 30  μm. (B) The evolution of the kinetic energy EðtÞ of the same
particle as a function of time, in units of the Kolmogorov time τK , the fastest
time scale of the flow, characterizing the dynamics at scale lD. B,Upper is for the
entire trajectory, while Lowermagnifies the period with strong energy change,
i.e., high power fluctuations (same color coding as inA). The particle experiences
higher values of negative p, compared with positive p, indicating that the par-
ticle loses kinetic energy more rapidly than gaining energy.
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The statistical properties of turbulencediffer in an essentialway from
those of systems in or near thermal equilibriumbecause of the flux of
energy between vastly different scales at which energy is supplied
and atwhich it is dissipated.We elucidate this difference by studying
experimentally and numerically the fluctuations of the energy of
a small fluid particle moving in a turbulent fluid. We demonstrate
how the fundamental property of detailed balance is broken, so that
the probabilities of forward and backward transitions are not equal
for turbulence. In physical terms, we found that in a large set of flow
configurations, fluid elements decelerate faster than accelerate,
a feature known all too well from driving in dense traffic. The
statistical signature of rare “flight–crash” events, associatedwith fast
particledeceleration,providesawaytoquantify irreversibility ina tur-
bulent flow. Namely, we find that the third moment of the power
fluctuations along a trajectory, nondimensionalized by the energy
flux, displays a remarkable power law as a function of the Reynolds
number, both in two and in three spatial dimensions. This establishes
a relation between the irreversibility of the system and the range of
active scales. We speculate that the breakdown of the detailed bal-
ance characterized here is a general feature of other systems very far
from equilibrium, displaying a wide range of spatial scales.

nonequilibrium systems | turbulent mixing |
direct and inverse turbulent energy cascades |
nonequilibrium statistical mechanics | Lagrangian description

In systems at thermal equilibrium, the probabilities of forward
and backward transitions between any two states are equal,

a property known as “detailed balance.” This fundamental prop-
erty expresses time reversibility of equilibrium statistics (1). In
the important class of nonequilibrium problems, where the dy-
namics of the system is coupled with a heat bath, the notion of
detailed balance can be extended and fluctuation theorems
successfully describe the behavior (2, 3). This class contains many
experimental situations (4) where quantitative information on
irreversibility was obtained (3). When a system driven by thermal
noise is characterized by a probability current, the fluctuation–
dissipation theorem and detailed balance was found to apply in
a comoving reference frame (5).
In comparison, very little is known concerning the statistical

properties of a small part embedded in a fluctuating, turbulent
background. The fundamental notion of detailed balance is not
expected to apply in such systems. Here we ask, what does the
time irreversibility inherent to the large system imply for the
statistical properties of small parts in the system and how do we
measure the degree of irreversibility (6, 7) (or equivalently, how
far is the system away from equilibrium) by monitoring a small
part in the system? We focus here on fluid turbulence, a para-
digm for ultimate far-from-equilibrium states, where irrevers-
ibility of fluctuations is a fundamental property (8, 9). We show
that the simplest and most fundamental scalar quantity, namely,
the kinetic energy of a fluid particle, enables a clear identifica-
tion and quantification of the irreversibility of the turbulent flow.

The characteristic properties of turbulence rest on the vastly
different scales: from the scale lF , where the flow is forced and in-
ertia dominates, to the scale lD, where dissipation takes over. For
a balance between forcing and dissipation in a statistically steady
flow, energy is transferred through scales at an average rate «,
a phenomenon called “energy cascade.” In 3D flows, where lF ! lD
(9, 10), energy cascades from large to small scales. In contrast, en-
ergy transfers from small to large scales in 2D flows, where lF " lD
(11, 12). The energy flux is ultimately the source of statistical irre-
versibility. It is important to understand that the fluctuations in
turbulence are fundamentally different from those about thermal
equilibrium (8). The energy flux through scales, «, however, cannot
in itself be a measure of irreversibility in the system because « is
a dimensional quantity, so it can be made arbitrarily large by
changing the units even if the system is very close to equilibrium.
Moreover, it can be expressed as amoment of velocity differences at
a single time (10, 13) without any reference to the evolution of
the flow.
As we demonstrate below, the irreversibility induced by the

energy flux through spatial scales can be revealed and quantified
by following the change of the kinetic energy of small fluid ele-
ments (particles). The kinetic energy per unit mass of the fluid
is simply EðtÞ= ð1=2ÞV 2ðtÞ, where VðtÞ is the velocity of a given
fluid element. It should be stressed that detecting irreversibility
from the motion of a single particle requires going beyond ve-
locity structure functions, defined as the moments of velocity
differences along trajectories, VðtÞ−Vð0Þ, whose statistical prop-
erties are invariant under the t→ − t transformation (14).

Significance

Irreversibility is a fundamental aspect of the evolution of nat-
ural systems, and quantifying its manifestations is a challenge
in any attempt to describe nonequilibrium systems. In the case
of fluid turbulence, an emblematic example of a system very
far from equilibrium, we show that the motion of a single fluid
particle provides a clear manifestation of time irreversibility.
Namely, we observe that fluid particles tend to lose kinetic
energy faster than they gain it. This is best seen by the pres-
ence of rare “flight–crash” events, where fast moving particles
suddenly decelerate into a region where fluid motion is slow.
Remarkably, the statistical signature of these events estab-
lishes a quantitative relation between the degree of irrevers-
ibility and turbulence intensity.
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FIG. 1. (color online) Left: Three dimensional rendering
of the Lagrangian power spatial distribution in the whole
simulation volume: red/blue represents the iso-surfaces p =
±6prms (with prms = hp2i1/2), which appear clusterized in
dipole structures. Right: Log-lin standardised PDF of p for
Re� ⇡ 104. Notice that the asymmetry of the distribution is
very small, hence the di�culty to quantify and rationalise the
physics behind irreversible e↵ects along a particle trajectory.

di↵erent definitions as discussed above. Second, we show
that it is possible to extend the Multifractal Formalism
(MF) [15] to predict the scaling of the absolute value
of the Lagrangian power statistics. Moreover, in order
to explore a wider range of Reynolds numbers, we also
investigate the equivalent of the Lagrangian power statis-
tics in shell models [16, 17].

Background material on MF. – We start recalling MF
for the Eulerian statistics [7, 15]. The basic idea is
to replace the global scale invariance á la Kolmogorov
(K41) with a local scale invariance, by assuming that
spatial velocity increments �ru over a distance r ⌧ L are
characterized by a range of scaling exponents h 2 I ⌘
(hm, hM ), i.e. �ru ⇠ uL(r/L)h. Eulerian structure func-
tions, h(�ru)qi, are obtained by integrating over h 2 I
and the large scale velocity uL statistics, P(uL), which
can be assumed independent of h. MF assumes the expo-
nent h to be realized on a fractal set of dimension D(h),
so that the probability to observe a particular value of
h, for r ⌧ L, is Ph(r) ⇠ (r/L)3�D(h). Hence, we find
h(�ru)qi ⇠ huq

Li
R
h2I dh(r/L)hp+3�D(h) ⇠ huq

Li(r/L)⇣q ,
where a saddle point approximation for r ⌧ L gives

⇣q = inf
h2I

{hq + 3�D(h)} . (1)

For the MF to be predictive, D(h) should be derived from
NSE, which is out of reach. One can, however, use the
measured exponents ⇣p and, by inverting (1), derive an
empirical D(h). Here, following [18], we use

D(h) = d(h) [ln (d(h)/d0)� 1] + 3� d0 , (2)

with d(h) = 3(h� 1/9)/ln� and d0 = 2/[3(1� �)] corre-
sponding, via (1), to ⇣q = q/9 + (2/3)(1� �q/3)/(1� �)

that, for � = 0.6, fits measured exponents fairly well [19].
The MF has been extended from Eulerian to La-

grangian velocity increments [20, 21]. The idea is that
temporal velocity di↵erences �⌧v over a time lag ⌧ , along
fluid particle trajectories can be connected to equal time
spatial velocity di↵erences �ru by assuming that the
largest contribution to �⌧v comes from eddies at a scale
r such that ⌧ ⇠ r/�ru. This implies �⌧v ⇠ �ru with

⌧ ⇠ TL(r/L)
1�h (3)

TL = L/uL. By combining Eq. (3) and theD(h) obtained
from Eulerian statistics, one can derive a prediction for
Lagrangian structure functions, which has been found
to agree with experimental and DNS data [19, 21–23].
The MF can be used also for describing the statistics
of the acceleration a along fluid elements [20, 23]. The
acceleration can be estimated by assuming

a ⇠ �⌧⌘v/⌧⌘ . (4)

According to the MF, the dissipative scale fluctuates as
⌘ ⇠ (⌫Lh/uL)1/(1+h) [24], which leads via (3) to

⌧⌘ ⇠ T (⌫/LuL)
(1�h)/(1+h) . (5)

Substituting (5) in (4) yields the acceleration conditioned
on given values of h and uL:

a ⇠ ⌫(2h�1)/(1+h)u3/(1+h)
L L�3h/(1+h) . (6)

The above equation has been successfully used to predict
the acceleration variance [20] and PDF [23].
MF prediction on power statistics. – We now use

(6) to predict the scaling behavior of the Lagrangian
power moments with Re�. These can be estimated
as hpqi ⇠ h(auL)qi ⇠

R
duLP(uL)

R
h2I dhPh(⌧⌘)(auL)q

with Ph(⌧⌘) = (⌧⌘/T )(3�D(h))/(1�h). Using (5) with
⌫ = ULLRe2� (with U2

L = hu2
Li), we have

hpqi
✏q

⇠
Z
dṽP(ṽ)

Z

h2I
dhṽ

4q+h�3+D(h)
1+h Re

2 (1�2h)q�3+D(h)
1+h

� , (7)

with ṽ = uL/UL [25]. In the limit Re� ! 1, a sad-
dle point approximation of the integral (7) yields, up to
a multiplicative constant (depending on the large scale

statistics), hpqi/✏q⇠ Re↵(q)� with

↵(q) = sup
h

⇢
2
(1� 2h)q � 3 +D(h)

1 + h

�
. (8)

Comparison with DNS. – To test the above predictions
we use two sets of DNS of homogeneous isotropic tur-
bulence on cubic lattices of sizes from 1283 up to 20483,
with Re� up to 540, obtained with two di↵erent forcings
(see Supplementary material for details). In particular,
to probe both the symmetric and asymmetric compo-
nents of the Lagrangian power statistics, we study the
following nondimensional moments

Sq = h|p|qi/✏q; Aq = hp|p|q�1i/✏q , (9)
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FIG. 1. zetap vs p measured in the sabra shell model com-

pared with the p/3 (K41) prediciton and the prediction of the

MF model 15 with � = 0.6.

with h0 = 1/9 and d0 = (1�3h0)/(1��). This model has
a single free parameter �. In order to fix � we compared
the prediction of MF model with the scaling exponents
for the structure functions of the shell model. For the
structure functions the MF predicts that

Sp(kn) = h|uk|pi ⇠ k
�⇣p
n (16)

with

⇣p = min
h

{hp+ 3�D(h)} (17)

As shown in Fig. 1 the scaling exponents ⇣p measured in
the shell model are well predicted by using � = 0.6 so we
will keep this value also while studying the Lagrangian
power and acceleration statistics.

IV. SUMMARY OF RESULTS

We focused on the following observables:

h|a|qi h|a|qsign(a)i (18)

h|p|qi h|p|qsign(p)i (19)

with a and p defined as in (6) and (7), respectively. Ac-
cording to the multifractal model discussed above the
prediction is that

h|a|qi ⇠ h|p|qi ⇠ Re
↵(q)
� (20)

with ↵(q) given by (14), the MF model in principle says
nothig on the observable which are sensitive to the sign
i.e. to the asymmetry of the distribution, for the MF
they should scale as the observable with modulus.

Notice that as for the Lagrangian power statistics we
have computed the scaling exponents of h|p|q/✏qi and
h|p|qsign(p)i/✏q. Although ✏ is pretty constant in the dif-
ferent simulation with the same forcing, there are little
variations and we noticed that using the normalization
with ✏ the scaling range is a little improved.

A. Lagrangian power statistics in the Irreversible

shell model

1. Info on simulations

In the following we focus on the case of constant forc-
ing with F0 = (1 + i) and in the case of (9-10) for which
we have larger statistics. In particular, we have run 10
independent simulation for each value of ⌫ (i.e. of Re�)
each simulation lasting ⇠ 106 eddy turnover times of the
largest scale and measuring the observable each ⇠ ⌧⌘/2.
All simulations have been perfomed holding fixed the
number of shells N = 30 and simply varying ⌫, the time
step has been adapted in each run choosing dt ⇠ ⌧⌘/50.
We have defined Re� = E/

p
✏⌫, where as usual ✏ de-

notes here the mean energy input.

2. Results on scaling exponents

The first observation is that h|a|qsign(a)i does not
show any scaling behavior in Re�. Notice that this is
against some previous observation that was due to an
error in the code that was making the average over dif-
ferent runs. Now with the corrected code we have that
for the colored noise h|a|qsign(a)i is compatible with zero
for any q, for the consant forcing it is less clear whether
it is zero or it is slightly di↵erent from zero but definitely
does not show scaling.
On the other hand the other three observables display

a nice scaling behavior (see fig. 2 for an example of the
scaling behavior of hp2i and hp|p|i in the case of constant
forcing).
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FIG. 2. Scaling behavior of hp2i and hp|p|i in the case of

constant forcing, here displayed to show the quality of scaling

and the fact that they scale di↵erently.

The overall results for the case of the irreversible shell
model are shown in Fig. 3 and can be summarized as
follows:

• h|a|qi ⇠ h|p|qi ⇠ Re
↵(q)
� with ↵(q) as predicted by

the MF model (14) with the same D(h) which well
predict the structure function so at this level there
is no fit.

p ⇠ aU P (U) Gaussian

Rationale for the observed scaling
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FIG. 2. Scaling behavior of Lagrangian power moments (9) Sq (blue circles) and −Aq (orange squares) for
(a) q = 2 and (b) q = 3. Data refer to DNS1 (closed symbols) and DNS2 (open symbols) data sets, described
in the Appendix. Solid lines show the slopes (a) α(2) = 1.17 and (b) α(3) = 2.1 predicted by the MF via (8)
with (2) for β = 0.6. Errors bars have been obtained as standard errors over independent configurations of the
turbulent field. We used from 5 to 40 configurations spaced by approximately TL, depending on the resolution.

III. COMPARISON WITH NUMERICAL SIMULATIONS

To test the MF predictions (8) we use two sets of DNS of homogeneous isotropic turbulence
on cubic lattices of sizes from 1283 up to 20483, with Reλ up to 540, obtained with two different
forcings (see the Appendix for details). In particular, to probe both the symmetric and asymmetric
components of the Lagrangian power statistics, we study the nondimensional moments

Sq = 〈|p|q〉/εq, Aq = 〈p|p|q−1〉/εq, (9)

where the latter vanishes for a symmetric (time-reversible) PDF. In Fig. 2 we show the second-
and third-order moments of (9) as a function of Reλ. We observe that (i) the MF prediction (8)
is in excellent agreement with the scaling of Sq (see also Fig. 3) and (ii) the asymmetry probing
moments Aq are negative, confirming the existence of the time-symmetry breaking, and scale with
exponents compatible with those of Sq . This implies that time reversibility is not recovered even for
Reλ → ∞. Actually, irreversibility is independent of Reλ if measured in terms of the homogeneous
asymmetry ratio S̃ = Aq/Sq , while if quantified in terms of the standard skewness S, it grows
as Reχ

λ with χ = α(3) − (3/2)α(2) & 0.35 due to anomalous scaling. In the inset of Fig. 3 we
compare S with S̃. Evaluating (8) with D(h) given by (2), we obtain α(2) ≈ 1.17 and α(3) ≈ 2.10,
which are close to the 4/3 and 2 reported in [11]. We remark that the authors of [11] explained
the observed exponents by assuming that the dominating events are those for which the particle
travels a distance r ∼ ULτ in a frozenlike turbulent velocity field, so that δτη

v ∼ (ετηUL)1/3.
Hence, for the acceleration (4) one has a ∼ U

1/3
L ε1/3τ

−2/3
η , which, using the dimensional prediction

τη = (ν/ε)1/2, ends up in p ∼ ULa ∼ U
4/3
L ε2/3ν−1/3 ∼ ε Re2/3

λ . This argument provides only a
linear approximation 2q/3 for α(q), while the multifractal model is able to describe its nonlinear
dependence on q. In Fig. 3 we show the whole set of exponents for both Aq and Sq as observed in
DNS data and compare them with the prediction (8).

It is worth noticing that the MF provides an excellent prediction for the statistics of p also in
1D compressible turbulence, i.e., in the Burgers equation, studied in [26]. Here, out of a smooth
(h = 1) velocity field, the statistically dominant structures are shocks (h = 0). The velocity statistics
is thus bifractal with D(1) = 1 and D(0) = 0 [27]. Adapting (8) to one dimension and noticing that
Re ∝ Re2

λ, we have 〈pq〉 ∼ Reα1D(q) with α1D(q) = suph{[(1 − 2h)q − 1 + D(h)]/(1 + h)}, which
for Burgers means α1D(q) = q − 1, in agreement with the results of [26].

To further investigate the scaling behavior of the symmetric and asymmetric components of the
power statistics in a wider range of Reynolds numbers and with higher statistics, in the following
we study Lagrangian power within the framework of shell models of turbulence [16,17]. Shell
models are dynamical systems built to reproduce the basic phenomenology of the energy cascade

104604-4
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It is worth noticing that the MF provides an excellent prediction for the statistics of p also in
1D compressible turbulence, i.e., in the Burgers equation, studied in [26]. Here, out of a smooth
(h = 1) velocity field, the statistically dominant structures are shocks (h = 0). The velocity statistics
is thus bifractal with D(1) = 1 and D(0) = 0 [27]. Adapting (8) to one dimension and noticing that
Re ∝ Re2

λ, we have 〈pq〉 ∼ Reα1D(q) with α1D(q) = suph{[(1 − 2h)q − 1 + D(h)]/(1 + h)}, which
for Burgers means α1D(q) = q − 1, in agreement with the results of [26].

To further investigate the scaling behavior of the symmetric and asymmetric components of the
power statistics in a wider range of Reynolds numbers and with higher statistics, in the following
we study Lagrangian power within the framework of shell models of turbulence [16,17]. Shell
models are dynamical systems built to reproduce the basic phenomenology of the energy cascade
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FIG. 2. Scaling behavior of Lagrangian power moments (9) Sq (blue circles) and −Aq (orange squares) for
(a) q = 2 and (b) q = 3. Data refer to DNS1 (closed symbols) and DNS2 (open symbols) data sets, described
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III. COMPARISON WITH NUMERICAL SIMULATIONS
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asymmetry ratio S̃ = Aq/Sq , while if quantified in terms of the standard skewness S, it grows
as Reχ

λ with χ = α(3) − (3/2)α(2) & 0.35 due to anomalous scaling. In the inset of Fig. 3 we
compare S with S̃. Evaluating (8) with D(h) given by (2), we obtain α(2) ≈ 1.17 and α(3) ≈ 2.10,
which are close to the 4/3 and 2 reported in [11]. We remark that the authors of [11] explained
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λ . This argument provides only a
linear approximation 2q/3 for α(q), while the multifractal model is able to describe its nonlinear
dependence on q. In Fig. 3 we show the whole set of exponents for both Aq and Sq as observed in
DNS data and compare them with the prediction (8).

It is worth noticing that the MF provides an excellent prediction for the statistics of p also in
1D compressible turbulence, i.e., in the Burgers equation, studied in [26]. Here, out of a smooth
(h = 1) velocity field, the statistically dominant structures are shocks (h = 0). The velocity statistics
is thus bifractal with D(1) = 1 and D(0) = 0 [27]. Adapting (8) to one dimension and noticing that
Re ∝ Re2

λ, we have 〈pq〉 ∼ Reα1D(q) with α1D(q) = suph{[(1 − 2h)q − 1 + D(h)]/(1 + h)}, which
for Burgers means α1D(q) = q − 1, in agreement with the results of [26].

To further investigate the scaling behavior of the symmetric and asymmetric components of the
power statistics in a wider range of Reynolds numbers and with higher statistics, in the following
we study Lagrangian power within the framework of shell models of turbulence [16,17]. Shell
models are dynamical systems built to reproduce the basic phenomenology of the energy cascade
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TABLE I. Type of forcing, resolution N , Reynolds number Reλ = Uλ/ν [λ = (5E/Z)1/2 is the Taylor
microscale, ε the mean energy dissipation rate, E the kinetic energy, and Z the enstrophy], large-scale velocity
U = (2E/3)1/2, integral scale L = UE/ε, integral time TL = E/ε, dissipative scale η = (ν3/ε)1/4, Kolmogorov
time τη = (ν/ε)1/2, total time of integration T , and correlation time used in the forcing of DNS1 τf [see Eq. (A2)].
Because of the different forcing in the two sets of simulations, for DNS2 the contribution of the modes at wave
numbers k ! 1 have been removed in the analysis.

Set N Reλ ε U L TL η τη T kf,min kf,max τf

DNS1 2048 544 1.43 1.62 4.51 2.77 0.0021 0.015 15 0.5 1 0.14
DNS1 512 176 1.68 1.74 4.70 2.70 0.0083 0.035 10 0.5 1 0.6
DNS1 256 115 1.19 1.50 4.26 2.84 0.019 0.066 48 0.5 1 0.6
DNS2 1024 171 0.1 0.529 2.22 4.19 0.005 0.063 27 0 1.5 n/a
DNS2 512 104 0.1 0.520 2.11 4.06 0.01 0.10 96 0 1.5 n/a
DNS2 256 65 0.1 0.513 2.05 3.98 0.02 0.16 165 0 1.5 n/a
DNS2 128 38.9 0.1 0.507 1.95 3.85 0.04 0.25 165 0 1.5 n/a

We conclude by mentioning another interesting open question. In [11,12] it was found that
the Lagrangian power statistics is asymmetric also in statistically stationary 2D turbulence in the
presence of an inverse cascade. Like in three dimensions, the third moment is negative and its
magnitude grows with the separation between the time scale of dissipation by friction (at large scale)
and of energy injection (at small scale), which is a measure of Reλ for the inverse cascade range.
Moreover, the scaling exponents are quantitatively close to the 3D ones. This raises the question on
the origin of the scaling in two dimensions that cannot be rationalized within the MF, since the inverse
cascade is not intermittent [30]. Likely, to answer the question one needs a better understanding of
the influence of the physics at and below the forcing scale on the 2D Lagrangian power.
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APPENDIX: DETAILS ON THE NUMERICAL SIMULATIONS

1. Direct numerical simulations

We performed two sets of DNSs at different resolutions and Reynolds numbers with two different
forcing schemes. The values of the parameters characterizing all the simulations are shown in Table I.
In all cases we integrated the Navier-Stokes equations

∂t u + u · ∇u ≡ a = −∇P + ν(u + f (A1)

for the incompressible velocity field u(x,t) with a fully parallel pseudospectral code, fully dealiased
with a 2/3 rule [31], in a cubic box of size L = 2π with periodic boundary conditions. In (A1) P
represents the pressure and ν is the kinematic viscosity of the fluid.

For the set of runs DNS1 we used a Sawford-type stochastic forcing, involving the solution of
the stochastic differential equations [32]

df̃i = ãi(t)dt,

dãi = −a1ãi(t)dt − a2f̃i(t)dt + a3dWi(t),
(A2)
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FIG. 3. Scaling exponents of Lagrangian power moments α(q) from DNS data, obtained by fitting Sq (blue
circles) and −Aq (orange squares) as power of Reλ. Error bars have been obtained by varying the fitting region;
when they are not visible it is because they are of the order of or smaller than the symbol size. Notice that Aq is
positive for q < 1, zero for q = 1 (by stationarity), and negative for q > 1. We only show exponents for q ! 2
because for 1 < q < 2 insufficient statistics leads to a poor scaling behavior. Solid and dashed curves correspond
to the MF (8) and Kolmogorov [α(q) = q/2] dimensional prediction, respectively. respectively. Black diamonds
show the exponents found in [11]. The inset shows the nondimensional measure of the asymmetry in terms
of the skewness S = 〈p3〉/〈p2〉3/2 (yellow circles) and of the statistically homogeneous asymmetry ratio
S̃ = 〈p3〉/〈|p|3〉 (red squares). The solid line shows the slope α(3) − (3/2)α(2) $ 0.35 predicted by the MF
(see the text). Open and closed symbols are as in Fig. 2.

on a discrete set of scales rn = k−1
n = L2−n (n = 0, . . . ,N), which allow us to reach high Reynolds

numbers. For each scale rn, the velocity fluctuation is represented by a single complex variable un,
which evolves according to the differential equation [28]

u̇n = ikn

(
un+2u

∗
n+1 − 1

4un+1u
∗
n−1 + 1

8un−1un−2
)
− νk2

nun + fn, (10)

whose structure is a cartoon of the 3D NSE in Fourier space but for the nonlinear term that restricts
the interactions to neighboring shells, as justified by the idea localness of the energy cascade [6].
Energy is injected with rate ε = 〈

∑
n Re{fnu

∗
n}〉. See the Appendix for details on forcing and

simulations. As shown in [28], this model displays anomalous scaling for the velocity structure
functions 〈|un|q〉 ∼ k

−ζq

n , with exponents remarkably close to those observed in turbulence and in
very good agreement with the MF prediction (1).

Following [21], we model the Lagrangian velocity along a fluid particle as the sum of the real part
of velocity fluctuations at all shells v(t) ≡

∑N
n=1 Re{un}. Analogously, we define the Lagrangian

acceleration a ≡
∑N

n=1 Re{u̇n} and power p(t) = v(t)a(t). In Figs. 4(a) and 4(b) we show the
moments Sq and Aq for q = 2,3 obtained from the shell model. The symmetric ones Sq perfectly
agree with the multifractal prediction obtained using the same D(h), i.e., (2) for β = 0.6, which
fits the Eulerian statistics. The asymmetry-sensitive moments Aq are negative (for q > 1), as in
Navier-Stokes turbulence, and display a power-law dependence on Reλ with a different scaling
respect to their symmetric analogs. In particular, as summarized in Fig. 4(c), we observe smaller
exponents with respect to the MF up to q = 4. Rephrased in terms of the skewness, these findings
mean that the time asymmetry becomes weaker and weaker with increasing Reynolds numbers if
measured in terms of S̃ [Fig. 4(c) inset], as distinct from what was observed for the NSE (Fig. 3
inset). The standard skewness S, on the other hand, is still an increasing function of Reλ, though with
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Another important general property shared by almost all shell models is the pres-
ence of a phase-invariance that constrains the possible set of stationary correlation
functions with a nonzero mean value. In particular, it is simple to realize that the
GOY equations of motion are invariant (neglecting the forcing mechanism) under
the following redefinition of the phase variables (Benzi et al. 1993):

un ! un expiµn , (9)

with the only constraint that µn+ 2 + µn+ 1 + µn = 0,mod(2º ). Owing to this phase
invariance, the only quadratic form in the shell-velocity field with a mean value
different from zero is hunun+3mi or hunu§

ni. Similarly, there are other constraints
for three-point correlation fuctions and many-point correlation functions. This
phase invariance is the equivalent of Galilean invariance in NS equations. Phase
invariance can be exploited to define a slightly different version of the GOYmodel
(L’vov et al. 1998a) that further reduces the number of possible nonzero correlation
functions. This new model differs from the GOY model only for the structure of
complex conjugation in the nonlinear term, namely,
°
d/dt + ∫k2n

¢
un = i

°
knun+2u§

n+1 ° bkn°1un+1u§
n°1 ° ckn°2un°1un°2

¢
+ fn.

(10)

The Equation 10 model has the same phase invariance as Equation 9 except that
the constraint between three consecutive phases becomes µn+2 ° µn+1 ° µn = 0
mod(2º ). Such a small change simplifies significantly the spectrumofpossible cor-
relation functions. The only nonzero quadratic forms are fully local in wave num-
ber, hunu§

ni; the same is true for three-points correclation functions, hu§
n+2un+1uni.

Also, four-points correlation functions are local except for the possibility of having
two-velocity amplitude at two different scales, h|un|2|um |2i (L’vov et al. 1998a).
Phenomenology of the GOY model and of its new version (Equation 10) are the
same, and most of the quantitative results coincide exactly. The advantage of the
new version is that numerical results are cleaner, thanks to the strong statistical
locality induced by the phase invariance. This new version also looks more at-
tackable from a field-theoretical point of view, although we still lack a systematic,
controlled procedure to implement field-theoretical methods (see Section 5 for
more details). Hereafter, we mainly discuss theoretical, phenomenological, and
numerical results within the realm of the Equation 10 model.

3. SMALL-SCALES INTERMITTENCY AND UNIVERSALITY
OF ANOMALOUS EXPONENTS

We now start by discussing what is, by far, the most striking statistical properties
of the Equations 2 and 10models and the connections with the analogue properties
of NS equations.
The simplest set of correlation functions able to quantify the statistical proper-

ties of the energy cascade in theoriginalNSequations are the so-called longitudinal-
structure functions, Sp(R), i.e., moments of velocity differences over a scale R in
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